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This  article  studies  the  existence  of  T-periodic  solutions  for  systems  of 
nonlinear  second  order  ordinary  differential  equations.af  the  type 
*  +  V*(x)  -  f(t).  Here,  x  :  R  ♦  RN,  V  e  C2(*N,Rl~"Snd  f  :  R  ♦  «  «  > 

fv-n  cAwv. 

given  T-periodic  forcing  term  (T  >  0  is  given )  .>Assuming  ^  V  to  be 
superquadratic,  it  is  shown  that  this  system  possesses  infinitely  many  T- 
per iodic  solutions.  The  proof  of  this  result  rests  on  showing  that  certain 
hoootopy  groups  of  level  sets  of  the  functional  associated  with  the  system  are 
not  trivial.  Some  more  general  results  concerning  systems  of  the  type  , 

A  * 

8  +  V*  ( t ,x)  «  &>are  also  presented ahere. 
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SXGNXriCANCB  AMD  EXPLANATION 


Systems  of  the  typo  8  +  V*(x)  >0  (whore  x  *  x(t)  «  RN  and 
V  e  C1 ( » R) )  describe  the  motion  of  a  mechanical  system  consisting  of  a 
finite  number  of  points  x^,...,^,  with  a  potential  given  by  the  function 
V(x1# . '.(Xg)»  Xn  the  presence  of  external  forces,  the  system  to  be  studied 
1st 

(*)  8  +  V*(x)  -  f(t)  . 

Assuming  that  the  forcing  term  f(t)  is  T-periodic  in  time,  one  would  like  to 
know  whether  (*)  has  a  T-periodic  response.  Under  the  assumption  that  V  has 
superquadratic  growth  as  |x|  ♦  +  •,  it  is  shown  In  this  paper  that  the 
answer  is  affirmative;  in  fact,  (*)  has  infinitely  many  T-periodic  vibrations 
induced  by  the  forcing  term  f. 
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EXISTENCE  OF  FORCED  OSCILLATIONS  FOR 
SOME  NONLINEAR  DIFFERENTIAL  EQUATIONS 


•  *• 

Abbas  Bahri  and  Henri  Berestycki 

1.  INTRODUCTION  AND  MAIN  RESULTS 

This  paper  is  concerned  with  the  existence  of  T-periodic  solutions  (T  6  R,  T  >  0 
given)  for  the  following  second  order  system  of  nonlinear  ordinary  differential  equations: 

(1.1)  X  +  V' (x)  -  f(t)  . 

2 

Here,  x  -  x  :  R  ♦  RN,  V  e  C^R^.R),  V'(x)  is  the  gradient  of  V  and 

N  dt 

f  :  R  ♦  R  is  sosie  given  T-periodic  “forcing*  term.  The  main  purpose  of  this  paper  is  to 
show  that  if  V(x)  is  superquadratic  as  |x|  +  +  «,  then  (1.1)  possesses  infinitely  many 
T-periodic  solutions  ("nonlinear  forced  oscillations*). 

More  precisely,  we  assume  that  V  satisfies  the  following  condition: 

0  <  V(x)  <  8  V'  (x)  *x  for  all  x  e  «P,  |x|  >  R  . 

(V) 

with  0  <  8  <  —  ,  for  some  R  >  0  . 

(Here,  V'(x)*x  denotes  the  scalar  product  in  rN).  From  (V)  via  an  integration  it  is 
easily  derived  that  V  is  superquadratic  at  infinity:  that  is,  V  satisfies: 

(1.2)  — ~  Ixl**1  -  b  4  V(x) ,  V  x  e  r"  , 

p  >  1 

with  p  +  I  2  and  a,b  >  0  being  constents. 

Let  us  now  state  our  main  result. 


*CNRS  and  Faculte  des  Sciences,  Universite  de  Tunis,  Tunisia 

**CNRS-Universite  Paris  VI,  Analyse  Numerique,  4  place  Jussieu,  75230  Paris  Cedex  05, 
France.  Part  of  this  research  was  done  while  the  author  was  visiting  the  Mathematics 
Research  Center,  university  of  Wisconsin-Madison. 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 . 


Theorem  1.  Suppoee  that  V  e  C3(J,,U)  satisfies  condition  (V).  Than,  for  any  given 
f  6  L*^*,*?1)  which  is  T- par  iodic,  tha  ayataa  (1.1)  admits  infinitely  aany  T- periodic 
solutions' 

Tha  proof  of  this  raault  will  taka  up  aectiona  2  to  (.  In  Section  7,  tha  a ana  Method 
ia  applied  to  obtain  tha  existence  of  periodic  aolutiona  for  aora  general  non  autonomoua 
systesu  of  tha  type 

(1.3)  X  V*(t,x)  -  0  . 

Thera  ia  a  vast  literature  devoted  to  tha  aubjact  of  nonlinear  oacillationa  in  systems 
like  (1.1)  or  (1.3).  However,  in  tha  caaa  of  a  a uper quadratic  v,  for  a  ayataa  (1.1), 
even  tha  exiatence  of  at  laaat  one  periodic  eolution  for  any  given  periodic  f  waa  an  open 
problem.  Let  ua  recall  soam  pravioua  worka  in  thia  domain. 

Piratly,  in  tha  caaa  of  a  aingla  acalar  aquation  (M  «  1)i 

(1.4)  X  ♦  g(t,x)  “  0  (x(t)  e  K)  , 

quite  ganaral  raaulta  on  the  exiatence  of  periodic  aolutiona  have  bean  obtained  by  Hartman 
[14]  and  Jacobowitx  [IS]  (by  uaing  tha  Foincari-Birkhoff  Theorem).  For  earlier  worka  in 
thia  caaa  H  ■  1,  tha  reader  ia  alao  referred  to  Ceaari  [10],  Khrmann  [11],  Michelettl 
[17],  Fucik  and  Lovicar  [13],  Nehari  [18]  and  Holkowiaki  [26].  (See  alao  the  book  by  S. 
Fucik  [12,  Chapter  36]  which  mantiona  tha  open  problem  of  extending  the  raaulta  from  acalar 
equationa  to  ayatama). 

For  ayatama ,  when  M  *  2,  exiatence  of  free  oacillationa  in  the  autonomoua  eyatam 

(1.5)  X  +  V'(x)  -  0 

(i.e.  f  *  0  in  (1.1))  have  been  eatabliahed  for  V  8  C1(RM,X)  aatiafying  condition  (V) 
by  Bend  17]  and  Rabinovits  [20,  23].  The  methoda  they  uae  rely  on  the  autonomoua 
character  of  (1.5)  (or  equivelently,  on  the  s'-invariance  of  the  aaaoeiated  functional  - 

* 1 'a  weaker  veraion  of  thia  reault  waa  announced  in  our  Note  [5]  where  an  additional 
aaaumption  waa  iapoaed  on  Vi  in  particular  V  waa  restricted  to  have  at  moat  polynomial 
growth  at  infinity. 


ih  below)  and  do  not  apply  raadlly  for  a  forcad  system  Ilka  (1.1).  U  a  flrat  atap  in  tha 
proof  of  Theorsm  1,  we  will  darlva  tha  rasult  concerning  fraa  oacillatlona  by  a  new  and 
somewhat  simpler  proof ( 1 ^ ' 

Tha  peasant  papar  is.  In  a  sanss,  a  continuation  of  [6].  Thar a,  we  studiad  tha 
existence  of  foroad  oscillations  for  Hamiltonian  aystans  of  tha  typa 

x  “  “  |“  (x.p)  +  ft (t) 


(1.6) 


p  -  -g  (x.p)  ♦  f2(t)  . 

In  (1.6),  a  -  (x.p)  »  *♦  tL2*,  H(z)  e  CJ(*a‘,«)i  (f  ,f2>  t  a  *  is  given,  of  class 
C1  and  T-per iodic.  in  16],  B  was  assumed  to  satisfy  tha  same  condition  as  (V)  (with 
raapact  to  tha  variable  s  “  (x.p)).  H  was  furtharwora  raquirad  to  verifyt 
alsl^1  -  b  <  H(s)  <  a*  |*lq!  l  +  b’  V  s  8  N211  , 

(1.7)  with 

1  <p<q<2p+1  and  a.b.a'.b'  >  0  . 

Under  thasa  conditions,  wa  darivad  in  (6]  tha  axistanca  of  infinitaly  nany  T-par iodic 
solutions  of  (1.6). 

Now  (1.1)  is  but  a  particular  casa  of  a  Hauiltonian  system  lika  (1.6),  of  special 
Importance  in  uach antes.  Indeed,  (1.1)  corresponds  to  a  separable  Hauiltonian 

(1.8)  H(x,p)  -  |  |p|2  ♦  V(x> 

and  f  “  f ^  -  fj.  Thaorau  1,  however,  is  not  contained  in  tha  results  of  [6).  Firstly, 
from  (1.7)  ana  seas  that  tha  Hauiltonian  H  corresponding  to  (1.1)  is  not  superquadratic 
in  both  variables  x  and  Furthensora,  it  should  be  emphasised  that  on  the  contrary 

of  tha  results  of  [6]  about  (1.6),  no  additional  assumption  to  (V)  (a. 9.  lika  (1.7))  is 
being  imposed  here  on  V. 


*  Very  recently,  and  independently,  Rabinowitz  [24]  has  proved  a  weaker  version  of 
Thaorau  1  under  an  additional  growth  restriction  on  V.  Tha  approach  used  in  [24]  is 
different  from  albeit  not  unrelated  to  ours. 

^Existence  results  for  the  system  (1.6)  that  would  contain  both  tha  casa  of  a 
superquadratic  H  and  (1.8)  are  still  by  and  largs  open. 
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The  structure  of  the  proof  of  Theorem  1  perellele  the  ideee  we  developed  in  (6).  But 
the  framework  end,  chiefly/  hm  crucial  estimates  and  the  way  these  are  established  are 
quite  different  for  the  two  problems.  Therefore,  we  have  separated  the  study  of  (1*1)  from 
the  results  concsrning  (1.6).  We  shall  nevertheless  use  here  a  few  results  from  (6) 
without  repeating  the  proofs.  The  methods  of  the  present  paper  are  also  to  be  compared 
with  the  ones  we  used  in  [3,  4]  to  study  some  superlinear  elliptic  partial  differential 
equations ^ 

In  this  paper,  as  in  [6],  we  will  use  the  recent  work  of  X.  Bahri  [1,  2)  in  Norse 

theory  which  concerns  the  relationship  between  critical  points  of  a  functional  and  hoaotopy 

groups  of  its  level  sets.  In  Section  2  we  state  in  an  abstract  setting  and  recall  the 

proof  of  the  precise  result  that  will  be  used  in  the  sequel. 

To  prove  nieorea  1,  we  first  construct  in  Section  3  a  sequence  of  critical  values 

(c  1  for  the  autonomous  system  (1.S).  The  level  sets  of  the  functional  associated 
k  k€e 

with  (1.5)  corresponding  to  the  numbers  c^  are  then  shown  to  have  some  topological 
property  which,  in  some  sense,  is  stable  under  perturbations.  We  also  require  a  sharp 
estimate  from  below  on  the  growth  of  the  c^  as  k  ♦  •*■«*.  This  is  obtained  by  carefully 
analysing  in  section  4  a  certain  autonomous  equation  that  serves  for  comparison  purposes. 

We  conclude  in  Section  6  by  using  a  perturbation  argument  on  the  automxaous  functional 
which  allows  us  to  find  periodic  solutions  of  (1.1). 

In  the  last  section,  we  study  sure  general  perturbations  from  an  autonomous  system  of 
the  type  (1.3).  There,  we  derive  soaw  results  about  the  existence  of  infinitely  many 
periodic  solutions  of  (1.3)  which  extend  Theorem  1 . 

This  paper  is  thus  organised  as  follows i 

1.  Introduction  and  main  results. 

2.  A  theorem  on  the  homotopy  groups  of  level  sets  of  a  functional. 

3.  Critical  values  and  periodic  solutions  in  the  autonomous  case. 

(l)Actually,  the  methods  of  the  present  paper  could  also  be  used  to  slightly  improve  the 
results  of  [3,  4]. 


4.  A  detailed  study  of  some  autonomous  aquation. 

5.  An  estiaata  from  below  on  tha  growth  of  tha  critical  values. 

6.  Existence  of  forced  oscillations. 

7.  Mora  general  forced  systems. 

Acknowledgment .  The  authors  are  much  thankful  to  Haim  Brezis,  ivar  Ekeland  and  Paul 
Rabinowitz  for  many  valuable  discussions  on  this  problem  and  on  related  topics. 

2.  A  THEOREM  OH  THE  HOMOTOPY  GROUPS  OF  LEVEL  BETS  OP  A  FUNCTIONAL 

In  tha  course  of  the  proof  of  Theorem  1  as  well  as  in  the  last  section,  we  will  use  a 
result  concerning  the  relationship  between  certain  homotopy  groups  of  level  sets  of  a 
functional  and  its  critical  points.  The  main  idea  is  to  adapt  a  classical  theorem  from 
Morse  theory  to  situations  which  may  be  "degenerate".  This  adaptation  relies  on  an 
approximation  procedure  of  Marino  and  Prodi  [16].  In  this  section  we  state  in  an  abstract 
setting  and  recall  the  proof  of  the  precise  theorem  that  will  be  required  thereafter.  This 
result  is  due  to  a  Bahri  [1,  2]  and  we  refer  the  reader  to  [1,2]  for  more  general 
properties  in  this  direction. 

He  start  by  recalling  the  following  fact  from  Morse  theory.  Let  M  be  a  smooth 

Hilbert  manifold.  Let  f  e  C2(M,R)  satisfy  the  Palais-Smale  condition  (see  below);  we 

denote  M^  «  (x  e  M,  f(x)  >  a).  Let  b  <  a  be  two  given  reals  which  are  regular  values 

of  f.  Assume  that  the  set  Z*(f)  “  {x  e  M,  b  «  f(x)  <  a,  f' (x)  -  0 }  is  finite  and  that 

D 

V  x  e  Z*(f),  x  is  a  nondegenerate  critical  point  of  f  (i.e.  the  Hessian  form  f"(x) 
is  definite).  Recall  that  the  coindex  of  x  is  the  maximum  dimension  of  a  subspace  of 
Tx*  on  which  f"(x)  is  positive  definite.  Then,  one  has  the  following  result  (Theorem 
7.3  in  J.  T.  Schwartz  ( 25] ) . 

Proposition  2.1.  In  addition  to  the  above  hypotheses ,  assume  that  for  any  x  e  Z*( f ) , 
coindex  of  x  is  larger  than  n.  Then  »  (M.  ,M  )  «  0. 


the 


Here  »n(M)a,Ma)  denotes  the  ralativa  homotopy  group  of  tha  pair  Mb,Ma» 
n  9  W  m  «\(0}.  Prom  now  on,  let  M  “  H  be  i  finite  dimensional  Hilbert  apace.  Let 
f  e  C2(H,K)  and  assume  that  f  satiafiea  the  following  Falaia-Smale  condition. 


(P.S), 


(  Por  any  sequence  (x^)  C  H  such  that  f(x^) 
is  bounded  and  f'(x^)  ♦  0,  there  exists 
a  convergent  subsequence  f ron  ( x^ ) . 


We  denote  Z*(f)  •  (x  e  li  f '  (x)  -  0,  f(x)  <  a}  and  [f)a  -  {x  e  H;  f(x)  >  a},  proa  the 
previous  proposition  we  derives 

2 

Proposition  2.2.  Let  f  6  C  (H,R)  verify  condition  (P . S ) ^ ■  Suppose  that  for  saaw 
regular  value  of  f,  a  «  *,  z“(f)  is  finite  and  that  for  any  x  e  z“(f),  x  is  non¬ 
degenerate  and  has  coindex  larger  than  n.  (That  is,  f"(x)  has  at  least  n  ♦  1  positive 
eigenvalues,  counting  Multiplicities,  and  f*(x)  does  not  have  0  as  an  eigenvalue). 

Then,  «t<[f]a,p)  -  o  v  t  <  n  -  i,  ler,  vpe  tf)a. 


Here,  denotes  the  (absolute)  hoaotopy  group  of  order  i  of  [f)a  with 

base  point  p.  To  prove  this  proposition,  we  require  the  following  well  known  leesut  Cnon- 
critical  neck  principle"). 

L——  2.1.  Let  f  e  c1  (H,R)  verify  condition  (P.S),.  Let  be*  be  such  that  f  has  no 
critical  values  in  (-«,b) .  Then,  (f) ^  is  a  deformation  retract  of  x. 


Proof  of  Leema  2.1.  Firstly,  by  (P.S) 1 ,  there  exists  b,  >  b  such  that  f  has  no 

critical  values  in  (— ,b.,).  Let  p  i  H  ♦  *  be  «  locally  Lipschitz  f  -nction  such  that 

0<p<1,  p  5  1  on  the  set  {x  e  Hi  f(x)  <  b}  and  p  S  0  on  (f).  .  (Such  a  function 

bt 

is  easily  constructed  explicitly;  see  e.g.  Rabinowitz  122]).  Let  v  denote  a  "pseudo- 

b, 

gradient  vector  field”  for  f  on  the  set  If  1  »  {x  e  Hi  f(x)  <  b  ).  That  is, 

v  i  (f]  ♦  H  is  a  locally  Lipschitz  mapping  satisfying; 

<f'(x),  v( x)>  >  If*  (x)  I2 

9 

lv(x)  I  <  2  If'  (x)  I 
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1 

for  *11  x  in  (f)  where  <  ,  >  and  I  I  danota  the  scalar  product  and  norm  in  H. 
Tha  axiatanca  of  such  a  vector  field  under  the  aaaunptiona  of  Leaau  2.1  ia  classical  (see 
e.g.  [22]). 

Consider  the  initial  problem 

(2.1)  “  P(  n)  — 0(0, x)  “  x 

*  «v<  n)  l2 

(n  “  n(t,x)).  using  condition  (F.s),  it  is  easily  verified  that  (2.1)  has  a  unique 

solution  n(t,x)  defined  for  all  t  e  ft  and  x  e  H,  and  that  for  each  t  e  ft, 

x  ♦  n(t,x)  is  a  homeoaorphisnt  H  ♦  H.  Clearly,  if  x  «  [fj.  ,  then 

D1 

h(t,x)  »  x  V  t  e  ft.  one  also  hast 

(2.2)  mm.  <t:.u>.xw>  >ip(n)  >0 . 

iv(  n)  i  * 

Hence,  the  function  t  ♦  f(u(t,x))  is  nondecreasing.  If  f(n(t,x))  «  b  for  some  t  >  0, 
then  f(n(s,x))  «  b  whence  p(n(s,x))  -  1  for  all  s  e  [0,t).  In  this  case,  therefore, 

(2.2)  implies 

f(n(t,x))  -  f(x)  »  j  t  . 

Denote  c*  ■  nax(c,0)  for  c  e  ft  and  let 

r(t,x)  -  n(4t(b  -  t(x))+,x),  t  e  10,1),  x  e  h  . 

Then,  r  i  (0,1)  x  h  ♦  H  is  continuous,  r(t,x)  «■  n(0,x)  -  x  for  all  x  e  If).  , 

1> 

r(0,x)  -  x,  V  x  e  H,  and,  lastly,  r(1,x)  «  (f)b,  v  x  e  h.  Thus,  [f]b  is  a 
deformation  retract  of  H, 

Proof  of  Proposition  2.2.  Let  b  e  ft,  b  <  a  be  such  that  f  has  no  critical  values  in 
(-•»b).  Since  (fl b  is  a  retract  of  H,  one  has 

(2.3)  *t<(f)b,p)  »o,  view,  v  p  e  (f)b  , 

By  Proposition  2.1,  one  knows  that 

(2.4)  »t((f)b,(f)a)  -  0,  Vie**,  *<n. 
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For  p  e  [ f] one  has  the  exact  sequence: 

(2.5)  ...  *  ,t+1([flb'lfla)  ^  Vlfla'p>  ^  Ytfla'p)  *  Vtf)b'tfla) 

Using  (2.3)  and  (2.4).  the  exact  sequence  (2.)  yields 

(2.6)  0  ♦  »t([f)a,p)  *0,  *1«F,  i<n-1. 

The  proof  of  Proposition  2.2  is  thereby  complete.  " 

The  setting  of  Proposition  2.2  is  "nondegenerate"  in  the  sense  of  Morse  theory.  That 
is.  Za(f)  is  finite  and  any  x  e  Z*(f)  is  assumed  to  be  nondegenerate.  The  main  result 
of  this  section  is  the  following  theorem  (A.  Bahri  [1,  2))  which  extends  Proposition  2.2  to 
situations  which  may  be  degenerate  in  the  above  sense. 

2 

Theorem  2.  Let  H  be  a  finite  dimensional  Hilbert  space.  Let  fee  (H.R)  be  a 
functional  satisfying  condition  (P.s) ^ .  Assume  that  a  is  not  a  critical  value  of  f  and 

that  Z  (f)  -  (*  e  Hi  f(x)  <  a,  f* (x)  -  0}  is  compact.  Suppose  furthermore  that  for  any 

& 

x  e  Z  (f).  there  exists  a  subspace  Hx  C  H  such  that  dim  Hx  >  n  and  f"(x)  is  a 
positive  definite  bilinear  form  on  Hx  (i.e.  f*(x)  has  at  least  n  +  1  positive 

eigenvalues ) .  Then . 

Vma,p>  “°  view*,  t  <  n  -  1 ,  V  p  e  [f]^  . 

The  proof  of  Theorem  2  rests  on  the  following  approximation  result  of  Marino  and  Prodi 
[16]  (see  also  Proposition  6.2  in  [6]). 

Proposition  2.3.  Let  fi  be  a  C2  open  subset  of  some  Hilbert  space  X  and  let 
2 

♦  e  C  (Q.R).  Assume  that  f  is  a  Fredholm  operator  (hence  of  null  index)  on  the 

critical  set  Z(t)  ”  (x  e  Sli  f  (x)  «  0}.  Lastly,  suppose  that  t  verifies  the  condition 

(P.S)^  and  that  Z( t)  is  compact.  Then,  for  any  >  0  and  ^  >  0,  there  exists 
2 

tec  (fl.R)  verifying  (P.S)^  with  the  following  properties, 
i)  t<u)  «  t(u)  if  distance {u,Z(  t)  }  >  ^ 
ii)  lt(u)  -  t(u)l,  lt'(u)  -  t'<u)l,  lf<u>  -  t"(u)l  <  eQ,  Vue  0 

iii)  The  critical  points  of  t  (if  any)  are  in  finite  number  and  nondegenerate. 
Remark  2.1.  This  result  is  proved  in  [161.  The  only  modification  with  respect  to  the 
statement  in  Mirino-Prodi  [161  concerns  property  ii!  where  we  have  added  the  requirement 
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I<f(u)  -  4"<u)l  <  Eg .  However,  an  inspection  of  the  proof  of  [161  readily  shows  that  this 

condition  can  be  fulfilled  as  well  by  the  very  same  construction.  • 

Proof  of  Theorem  2,  Por  *  e  H,  r,st  R,  r,a  >  0  and  A  H  we  denote 

B(x,r)  *  {y  e  Hi  ly  -  xl  <  r},  and  Na(A>  «  {x  e  H »  distance (x, a)  <  o).  Firstly,  let  us 

remark  that  since  H  is  finite  dimensional,  there  exists  e  >  0  such  that 

x 

(2.7)  <f"(x)h,h>  >  ex>h*2  V  h  e  Hx  * 

Since  f  is  of  class  C2,  there  exists  a  ball  B(x,rx)  centered  at  x  of  radius 

r  >  0  such  that 
x 


(2.8)  <f *(y)h,h>  >  ■—  Ihl2  W  h  e  Hx,  V  y  e  B (x,rx)  . 

Let  x.,...,x  e  za(f)  be  such  that  B(x.,r  ),...,B(x  ,r  )  form  a  covering  of  za(f). 
1  P  1  xi  P  x„ 


Let  ni  >  0  be  such  that 

a  P 

N  (Z  (f))  C  u  B(x.,r  >  . 

",  j-1  3  xj 

Let  us  now  apply  Proposition  2.3  with  If-  H,  ♦  -  f,  and  R  -  {x  e  Hi  f(x)  <  a}.  Since 

a  is  not  a  critical  value  of  f  and  Z&(f)  is  compact,  fl  is  a  c2-open  subset  of  H 

and  there  exists  «2  such  that  distanced,  Z*(f ) }  <  implies  f(x)  <  a. 

Let  hg  -  min{n1  ,  n2>  >  0.  Lastly,  we  choose  eQ  >  0  such  that 

(2.9,  e0  <i«in{e  ,...,ex  > 

1  P 

and 

(2.10)  e  <  a  -  max  f(x) 

xeN  (za(f>) 

Then,  by  Proposition  2.3,  there  exists  ♦  e  C2(R,R)  verifying  i)-iii).  Let  g(x)  -  4<x) 

if  x  e  R  and  g(x)  -  f(x)  if  f(x)  >  a.  Noticing  that  there  is  some  e  >  0  such  that 

2 

«x)  -  f(x>  for  any  x  e  R  with  f(x)  >  a  -  E,  it  is  readily  seen  that  g  e  C  (H,  R) . 
Furthermore,  by  i),  ii)  and  (2.10)  one  has  (g]a  -  [f]a. 

Since  Z*(g)  C  N  (Z*(f)>,  for  any  y  e  Z*(g)  there  exists  j  e  {, ,...,p}  such  that 

"o 

y  e  B(x,rx),  with  x  »  x^.  Hence,  using  (2.8)  and  the  fact  that 

If" (y )  -  g"(y)  I  <  |  . 


one  obtains 


¥  h  «  H 


u 


<g*(y)h,h>  >  -j  Ihl2  v  h  «  H  . 

Therefore,  ae  die  ^  >  n,  the  coindex  of  y  is  larger  than  n,  for  all  y  e  Z*(g).  By 
Proposition  2.2  one  then  haa  ,p)  “  0,  Vie  ■*,  i  <  n  -  1,  v  p  e  [g]  . 

I  A  A 

Since  [g]  a  -  [f ]  ,  the  proof  of  Theorem  2  is  thereby  coeiplete.  ■ 

Kesirk  2.2.  The  coegtactness  hypothesis  on  Za(f)  in  Theorem  2  is  certainly  verified  if 
f  satisfies  the  following  stronger  Palais-Smale  condition! 


(P.S) 


For  any  sequence  (x^)  C  H  such  that  f(x^)  <  C 
•  (for  sou  cex)  and  f*(x  )  ♦  0,  there  exists 
a  convergent  subsequence  from  (x^). 


The  functionals  that  we  will  consider  in  the  sequel  do  satisfy  this  stronger  version.  ■ 


3.  CRITICAL  VALUES  AND  PERIODIC  SOLUTIONS  IN  THE  AUTONOMOUS  CASE 

In  this  section  we  construct  critical  values  for  the  autonomous  problem  (1.5)  and 

study  sou  of  their  properties.  In  particular,  this  construction  will  allow  us  to  prove 

the  existence  of  free  oscillations  in  (1.5)  for  any  V  e  C^dP.R)  satisfying  condition 

(V).  We  start  by  setting  the  functional  framework  that  we  will  use  throughout  the  paper. 

Without  loss  of  generality  we  nay  assume  by  means  of  a  scale  change  in  time  that 

T  “  2w.  In  the  following,  as  is  customary,  2 *-per  iodic  functions  will  be  thought  of  as 

defined  on  s'  «  R/2w*.  Let  E  -  (H1(S1))N.  E  is  endowed  with  the  Hilbert  norm 

,  2*  ,  2*  -  ... 

Ixl  -  /  |  x |  dt  +  /  | x |  dt  . 

0  0 

In  order  to  keep  notations  simple,  we  henceforth  will  write  hVs1),  Lr(s1)  ...  instead 
of  (H,(S1))N,  (Lr(S1))N  etc...  Recall  that  E^l's1)  with  a  compact  injection. 

For  x  e  E,  let 

.2*  ,  2  W 

I*(x)  «  £  /  |*|  dt  -  /  V(x)dt 

0  0 


d^We  recall  that  E  is  the  space  of  2*- per  iodic  functions  x  »  R  ♦  RN  such  that 

Ixl  <  ". 
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and 

,  2«  2*  2* 

I(x)  -  —  /  |x|  dt  -  /  V(x)dt  +  /  f«x  dt  . 

0  0  0 

Thua,  solutions  of  (1.1)  coincide  with  the  critical  points  of  I  in  E,  while  the  critical 
points  of  I*  in  B  are  the  2«-per iodic  solutions  ("free  oscillations")  of  the  autonosuus 
systen  (1.5).  He  will  also  assume  -  without  loss  of  generality  -  that  V(Q)  ■  0  so  that 
1(0)  -  I*(0)  -  0. 

We  will  now  construct  a  sequence  of  critical  values  of  I*  in  E  by  a  minimax  type 
principle  on  a  finite  dimensional  approximation  of  E  together  with  a  limiting  procedure 
(Galerkin  method).  The  spirit  of  this  construction  is  to  be  compared  with  the  work  of 
Rabinowitr  [19]  concerning  superlinear  elliptic  partial  differential  equations. 

The  eigenvalues  of  x  *  -  8  in  B  are  the  numbers  0, 1 , . . . ,m  , . . .  (me  ■).  Let 
B®  denote  the  ( 2m  +  1 )N  -  dimensional  subspace  of  E  spanned  by  the  eigenfunctions 
corresponding  to  the  (m  1)  first  eigenvalues.  That  is,  B®  is  the  subspace  of 
truncated  Fourier  series  defined  by: 

+m 

Bm  -  (x  «  Bj  x(t)  -  l  a^e1^,  a^  e  C* ,  a_^  »  a^,  -m  <  j  <  m)  . 
j—m 

The  group  S1  acts  naturally  on  functions  of  E  by  time  translations.  For 
e^T  e  S1  (or  equivalently,  T  e  R/2*Z)  and  x  e  E,  we  denote: 

T^x  -  X(*  +  T)  . 

Clearly,  the  subspaces  E®  are  left  Invariant  by  this  action  (T^e”  »  Em)  and  the 

functional  I*  is  invariant: 

i»(ttx)  «  i*(x)  v  x  e  e,  v  t  e  n/2n  . 

Notice  however  that,  in  general,  I  is  not  invariant  under  this  action. 

We  recall  that  the  group  S1  acts  on  odd  dimensional  spheres.  Let  k  e  ■*  (-■\{0j) 
2k  k 

and  identify  R  >  C  so  that 

1( 

s2*'1  ■  l(  e  ;  *  (c,....,^),  I  UJ2  -  t}  . 

1  *  j»i  3 
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we  write 


Then,  for  eiT  e  S1  end  C  6  S21t  1 ,  we  write 

*  _  it,  .  iT  iT.  , 

V  "  •  c  . .  St’  • 

2k- In  1 

A  napping  h  :  S  ♦  E  is  seid  to  be  S  -equivariant  if 

h  .  tt  -  Tt  «  h  Vie  t/2n  . 

Following  the  same  construction  as  in  [6],  we  define  a  family  of  uppings  and  one  of 
sets  by  letting,  for  m  >  k  +  1,  m,k  e  ■*> 

X*  -  {h  :  S2**"  2>t  '  ♦  E*\{0})  h  is  continuous  and  S '  -equivariant )  , 


A"  -  (AC  E  \{0>»  A  -  h(S 


2Nm-2k-1 


),  h  e  x“) 


This  family  of  sets  allows  one  to  construct  critical  values  for  I*  on  E®  by  a  mini-max 


type  principle.  He  define 


for  all  m,  k(F,  m  >  k  +  1. 


c  ”  sup  min  I*(x)  , 


Some  properties  of  these  numbers  are  listed  in  the  next  propositions. 

Proposition  3.1.  Suppose  V  e  C1  (RN,R)  satisfies  (VI  and  V(Q)  -  o.  Thant 

0  «  %  «  Ckt,  <  ~  V  m,k  6  H*,  .  >  k  ♦  2 

ii)  For  all  k  e  **,  there  exists  u(k)  and  v(k)  such  that 

0  <  |i(k)  <  c“  <  v(k)  <  +<•  V  m  >  k  +  1. 

iil)  Moreover,  lim  M(k)  -  +**. 
k*+» 


Proposition  3.2.  For  any  ken*  such  that  M(k)  >0,  is  a  critical  value  of  the 

restriction  of  I*  to  E™.  Furthermore,  the  limit  of  any  convergent  subsequence  of  c™ 
as  m  ♦  +•  is  a  critical  value  of  I*. 


Before  proving  these  propositions,  let  us  observe  that,  as  a  corollary,  one  derives 
from  them  the  following  result  of  Benci  17]  and  Rabinowits  [20,  23]  concerning  the  periodic 
solutions  of  the  autonomous  system  (1.5). 
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ttgotg  3.  Suppose  V  e  C1(»N,*)  satisfies  (V).  Then,  the  autonooious  system  (1.5) 
posssssss  st  least  on*  non-constant  T- periodic  solution  for  any  T  >  0. 


Proof  of  Theorem  3.  He  actually  derive  here  a  slightly  stronger  version  of  this  result. 

He  show  that  for  any  A  >  0,  there  exists  a  non-constant  periodic  solution  x  of  (1.4) 

such  that  Ixl  m  >  A.  Indeed,  let 
L 


lia 


By  Propositions  3.1  and  3.2,  0  <  a  <  «,  and  lia  c  >  lia  u(k)  -  +-.  Furthermore, 

k++»  *  k++» 

c^  is  a  critical  value  of  I*  (as  soon  as  u(k)  >  O'. 

Now  let  Xq  be  a  constant  function,  i.e.  xQ  e  X*.  Then 

I*(xfl)  -  —2S  V(xQ)  <  2sb 

for  it  follows  from  (1.2)  that  -V(x>  <  b,  V  x  e  *M.  Thus,  I*  is  bounded  from  above 

on  X*  and  therefore,  for  large  k,  ck  corresponds  to  a  non-constant  periodic  solution 

of  (1.5).  let  x^  denote  a  critical  point  of  X*  associated  with  cfcs  e  X, 

(I*)M«k)  *  0.  He  claia  that  ln^l  m  ♦  +■  as  k  ♦  ♦  •.  Indeed,  arguing  by 

L 

way  of  contradiction  let  us  assume  that  Ix.1  reaains  bounded  along  a  subsequence. 

I 

Since  from  the  equation  one  derives  that 

2s  2s 

/  l^pdt  -  /  V(xk).x)cdt  , 

it  is  straightforward  to  see  that  I*(xfc)  would  then  also  remain  bounded.  This  being 
impossible,  the  proof  is  thereby  complete.  ■ 

We  now  turn  to  the  proofs  of  the  propositions. 

Proof  of  Proposition  3.1,  This  result  parallels  Proposition  3.1  in  [61.  The  proof  of  i) 
whioh  in  quite  simple  (and  identical  to  that  in  [6] )  is  omitted  here.  Let  us  prove  ii). 
Consider  the  functional 


(3.2) 


J(x) 


,  2»  ,  .2* 


|x| 


P+1 
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(Proa  now  on,  th«  measure  dt  is  understood  in  all  integrals  over  [0,2  s]).  Define 

(3.3)  d?  ”  sup  ain  j(x)  . 

XBA 

By  (1.2),  one  has 

(3.4)  c*  <  d£  ♦  2*b  . 

He  require  the  following  intersection  leaaa.  It's  proof  is  a  straightforward 
adaptation  from  [6,  ls—s  3.1]  and  will  be  omitted  here.  (It  is  a  consequence  from  a 
version  of  Borsuk's  theorem  for  the  S^-actiont  see  [6])  and  the  references  therein). 

■  )c+  J 

Lemma  3.1.  Por  any  A  e  A^,  one  has  A  n  K  *  4. 


aba“ 


Let  us  now  show  the  existence  of  v(k)  <  •  such  that  c*  <  k ) ,  v  ■  >  k  +  1.  Since 

c*  «  c“+l ,  it  suffices  to  prove  that  for  each  k  and  m  >  NV  +  1,  cj^  is  bounded  from 
above  (by  v(Nk) )  independently  of  m.  From  Lemma  3.1  it  follows  that 

(3.5)  sin  J(x)  <  max  J(x)  ,  ¥  A  e  A*  . 

**  x*pk+1 

t..  « 

Now,  for  x  e  B  ,  one  has 

2»  ,  ,  2s 

/  |*|2  <  (k  ♦  I)2  /  |x|2  . 

0  0 


Therefore, 


(3.6) 


J(x)  « 


2  2* 

nl  j 

0 


2S 


|x| 


P  +  ) 


/  Ixl^1,  V  x  e  E 


k+1 


Since  the  right  hand  side  of  (3.6)  is  obviously  bounded  from  above  independently  of 
x  C  Bk>\  we  conclude,  using  (3.3)  -  (3.6)  that 

c*  <  v(k)  <  +»  V  k,a  e  N*,  m  >  k  +  1  . 

We  now  turn  to  the  lower  bound  w(k)  for  the  c”.  He  construct  an  explicit  set 
A  €  A*  in  the  same  way  as  in  [6].  Incidentally,  this  will  also  show  that  A™  *  ♦  whence 

that  the  c*  are  well  defined.  Let  k  -  Nq  -  X  with  q,tei,  0  <  i  <  N.  C*  is 

N  i01  N 

identified  to  a  subspace  of  C  in  the  usual  way.  For  $-  (p^e  ,  ...,pfje  )  e  C  and 
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je«.  <  p, 


*»  *  V 


e  */2W). 


(p. 


we  danota 


writ.  {es2“-2W 

C  e  C*  C  c",  and 
<1 

netting: 


aa  C  -  ‘W,*'**' V  with  t j  e  cN  for  q  +  1  <  j  <  H, 

£  |{,  | 2  -  1.  We  define  a  sapping  h  »  S2lto  2,1  1  ♦  E®\{0)  by 

J-q  3 


(3.7) 


h(c)(t)  --L  I  |  ?‘3>eijt  ♦  j  <C,> 
/2»  j-q  3  3  J  3 


(j)e-ijt 


Let  B*  -  E®  n  (E*1"1  )A. 

q 

.  _  .  ,  2Hm-2k-1, 

for  any  y  e  h(S  ) 

verifies  t 


Then,  h  s  s2KB_2k"1  ♦e“\{o)c  e“\{0). 
2»  2  q 

one  has  /  |y|  •  1.  Furthermore,  h 

0 


Indeed,  one  checks  that 
is  continuous,  and  h 


h(eiTC)(t)  «  h<0<t  +  *>,  V  eiT  e  S1,  W  t  6  E  . 

(Just  observe  that  (eiTB)*32  *  ei3T<$)*31).  That  is,  h  is  equivariant  under  the  En¬ 
action.  Thus,  h  eKj  and  A*  *  6  i  c“  is  veil  defined. 

Consider  the  mapping  h(  O  -  Then,  again  h  r  s2*B~2k"1  ♦*“\{o)C  B*\  {0 ) 

■h(  Cl  ■  —  q 

L 

is  continuous.  Since  IT  xl  m  »  Ixl  #  V  T  «  R/2XS,  it  is  clear  that  h  is 

T  L  L 

<v  m  iv  2N8h2k*1  n 

equivariant.  Hence  h  ex^,  and  \  -  h(S  )  e  Afc.  For  any  x  e  A,  one  has 

Ixl  ■  t.  To  conclude,  we  require  the  following  simple  lemma. 

I. 


o-1  1 

Lemma  3.2.  For  any  x  e  (E  )  ,  one  has 

Ixl  _  <  ---1  ■  -  Ixl  , 

L  /kg  -  1  /5  L2 


(J«  1  j, 

Proof  of  Lemma  3.2.  Let  x  e  (E  )  i  x  has  a  Fourier  series  expansion 

x  -  I  a  ei3t,  a  e  CN,  a  -  a 

|j|>q  2  3  j  3 

je* 

One  has 
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and 

(3.8) 


2«  I  l*1l2j2  . 
Ul>q  3 


Ixl  _  <  l  |a ,  |  . 

L  ljl»q  3 


Writing  |a^|  «  (|a^|j)j_1,  ona  derives  from  <3.8)i 


•*i.<{  I  ujVf*  {  l  in '2f'2- 

t  I3l>q  3  UI*J 


That  is, 
(3.10) 


*xl  .  «l  2  71  n  3’2^2 

L  *2»  L  j*J 


and  the  Lemma  follows. 

~  2(tew2k*1 

We  now  conclude  the  proof  of  Proposition  3.1.  Let  A  *  h(S  ) 

definition  (3.1)  of  c"  ,  one  has 

(3.11)  c"  >  win  I*(x>  . 

xCA 

Since  A  C  {*  «  E*  ,  Ixl  •  1)  CS  ,  with  S  -  {x  €  (*<r’1)3i  Ixl  - 

q  L-  q  q  Lm 

from  (3.11): 

(3.12)  c“  >  inf  I*(x>,  V  ■  >  k  *  1  . 

xes 

q 

Hence,  in  particular,  there  exists  for  each  k  scat  x^  €  such  that 

(3.13)  c"  >  X*<xJt)  -  1  -  n(k>,  V  ■  >  k  +  1  . 


2  W 

We  claim  that  lim  u(k)  »  +•.  indeed,  since  It  I  ■  1,  /  V(x  )  is 

k*+-  *  L  0 

independently  of  k.  By  Lemma  3.2,  on  the  other  hand,  one  has 


2*  , 

/  IxJ2  >  w(q  -  1)  . 
0 


Then,  by  the 


1 },  one  derives 


bounded 
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2*  2 

k  ♦  on*  also  haa  q  ♦  +“,  whence  /  li^l  ♦  and  IVx^)  *  **• 

Tha  proof  of  Proposition  3.1  ia  thereby  complete.  a 

Proof  of  Proposition  3.2.  He  only  sketch  the  proof  here  as  it  is  essentially  classical. 
To  begin  with,  we  observe  that  1*  satisfies  the  following  Palais-Smale  condition: 


(P.S) 


For  any  sequence  (x  )  C  e  such  that 
n 

I*(x  )  <  c  and  <I*)'(X  )  *  0  in  E‘, 
n  n 

then  (x  )  is  relatively  compact  in  E. 
n 


Hare  and  thereafter/  C  denotes  various  positive  constants.  The  restriction  of  I*  to 
E* ,  i*.  .  satisfies  the  analogous  property  in  E*s 


(P.8). 


^V(x  )  C  e*  such  that  I*(x  )  <  C  and 
n  n 

(I*.  _) • (x  )  ♦O  in  (*■)•,  then 


(  (xn)  is  relatively  compact  in  E  . 

The  proofs  of  these  properties  relying  on  condition  (V)  are  by  now  classical  and  we  shall 
not  repeat  them  hare.  (See  e.g.  Rabinowitz  [22]  and  Bahri-Berestycki  [3,  6]  for  the 
derivation  of  these  properties  in  related  situations). 


That 


is  a  critical  value  of  I*. 


as  soon  as  U(k)  >  0  follows  from  the 


definition  of  c  and  the  property  (P.S)B  for  I*.  .  One  can  indeed  adapt  the  type  of 

|e 

argument  given  e.g.  in  Rabinowitz  (22]  to  the  present  framework.  The  only  modification 
which  is  required  with  respect  to  (22]  concerns  the  "deformation  lemma".  Here  one  needs  an 
appropriate  "deformation"  in  the  space  E*  which,  in  addition  to  the  usual  properties,  is 
equivarlant  under  the  s’ -act ion  on  e".  The  proof  of  this  fact  is  but  an  adaptation  from 


the  argument  in  [22]  and  is  left  to  the  reader 


(1) 


A  more  general  "equivariant  deformation 


lemma*  for  the  action  of  a  compact  Lie  group  is  given  in  Benci  [8]  and  could  be  used  as 
well  here.  Lastly,  let  us  just  remark  that  the  hypothesis  u(k)  >  0  is  imposed  because  a 
•et  a  in  ia  required  to  be  included  in  En\{0).  Thus,  one  has  to  construct  the 


M )  2 

I*  I*  1s  of  class  c  ,  one  does  not  require  this  equivariant  deformation  lemma 
since  on*  can  work  directly  with  the  gradient  flow  of  I*  which  indeed  is  equivariant. 
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proper  deformation  of  A  which  leaves  0  invariant.  This  is  possible  if  one  a  priori 


knows  that  cfc  >  0. 

Let  ken*  be  such  that  u(k)  >0.  Since  0  <  w(k)  <  c"  <  vKk)  <  +«*,  the  sequence 

possesses  a  convergent  subsequence  when  n  ♦  Let  n^  be  a  sequence  of 

■* 

integers,  >  k  ♦  1,  such  that  a^  ♦  +•  and  J  *  c^  S  Hi  then, 

0  <  |i(k)  <  cfc  <  v(k)  <  +•.  For  a  ■  ■  j ,  since  c*  is  a  critical  value  of  I*|  there 

exists  x  e  Ba  with 

■ 

(3.14)  I*(xB)  -  c*  (I*|  -  0  . 

Let  Pn  denote  the  orthogonal  projection  of  E  onto  E®,  (a  ■  a^ ) .  One  then  hast 

1  2*  ,  2» 

(3.15)  jf  | *_l  -  /  VI  x)  <  C 

0  0 


-8  -  P*V‘(x  ) 

■  a 


Multiplying  (3.16)  by  and  integrating  yields. 


2s  2s 

/  I*  I  -  /  V*  (x  )  *x 


Using  (V)  it  is  straightforward  to  derive  froa  (3.15)  and  (3.17)  that 
2s  2  2s  2S 

/  I  ,  /  V(x  )  and  /  V'(x  ) *x  are  bounded  independently  of  a  ■  a..  Using 

°  *  0  *  2S  0  “  *  3 

(1.2),  one  derives  that  /  |x  \***  is  bounded  too  and  so  is  lx  I  .  Therefore,  one  can 

0  ■  ®  B 

strike  out  froa  (Xj,)  a  further  subsequence,  denoted  again  by  ( x^)  such  that  ♦  x 

weakly  in  E,  x  ♦  x  strongly  in  L™,  and  p'V'lx  )  ♦  V'  (x)  strongly  in  L2  whence 

®  IB 

in  s'.  Using  (3.16)  we  conclude  that  x  ♦  x  strongly  in  E.  Clearly,  x  is  a  critical 

n 

point  of  I*  and  I*(x)  «  lie  c*  -  c  .  Thus,  ck  is  a  critical  value  of  I*. 

— aj*+-  k  k 

This  coapletes  the  proof  of  Proposition  3.2.  ■ 


Now  define  h  t  g2MB"^+^  *  eb\{o)  by  aettingi 


h(C,pei9) 


(  h(C)  if  P  -  0,  10  -  1  . 

?flt)(p,e  19  yjfjO  if  p  *  o,  c  *  o  , 


Texo 


if  p  -  i,  c  -  o 


Then,  it  ia  easily  checked  that  h  is  continuous  and  S^-equi variant.  Since  I*  is 
invariant  under  the  s1 -action,  the  level  sets  of  I*  are  invariant  sets  under  this 
action.  Therefore,  as  U(t,0  e  W  C  [i*  >  c™_^  ♦  c] ",  one  has 


(3.18) 


MS2**-21*1)  C  (I*  >  c*  +  €]' 
k-1 


This  implies  in  particular  that  0  ^  h(S 


r\_2>m-2k+1 


).  Thus 


,  h  e  and  (3.18)  reads: 


min 

xeh(82H-2k+1) 


!*(*)  >  ck_1  ♦  e 


which  contradicts  the  very  definition  of  ck_(.  The  proof  of  Theorem  4  is  thereby 
complete. 


4.  A  DETAILED  STUDY  OF  SOME  AUTONOMOUS  EQUATION 

In  order  to  apply  the  preceding  theorem,  it  is  crucial,  as  will  be  seen  in  Section  6, 
to  have  a  sharp  estimate  from  below  on  the  growth  of  the  critical  values  ck  as  k  ♦ 

Such  an  estimate  will  be  derived  in  the  next  section.  Some  preliminary  results  are  first 
required  that  we  prove  in  the  present  section.  They  concern  the  precise  description  and 
same  qualitative  properties  of  the  solutions  to  some  auxiliary  autonomous  equation. 
Consider  the  problem: 

(4.1)  -V  -  g(v)  (v(t)  e  R) 

where  g  :  R  ♦  R  is  a  given  function.  Throughout  this  section,  g  will  be  assumed  t(. 
satisfy  the  following  properties: 

(4.2)  g  :  R  ♦  R  is  of  class  C1,  is  odd  and  g(0)  •  g' (0)  »  0  . 

(4.3)  g  is  increasing  and  convex  on  [0,+«*) 
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(4.4) 


c  . 

0  <  G(t)  -  /  g(s)ds  <  6g(t)t,  V  t  *  0  with  0  <  8  <  -  . 


Let  S  «  here  &  consists  of  scalar  functions  (note  that  E  *  SN).  for 

m  e  ■*,  consider  the  subspace  of  truncated  Fourier  series! 


'■  ‘  '  ,1.  V 


The  next  result  provides  a  complete  description  of  the  set  of  2  *- periodic  solutions  of 
(4.1). 

Proposition  4.1.  Suppose  g  satisfies  (4.2)-{4.4).  There  exists  a  sequence  of  nontrivial 
2*-periodic  solutions  (u^)^  t  of  (4.1)  such  that  u^(0 )  »  u^(2»)  -  0.  For  each 
k  e  ■*,  is  characterised  by  the  properties  that  uk  has  2k- 1  zeros  in  (0,2s) 

(all  the  zeros  of  u^  are  simple)  and  u£(0)  >  0.  Furthermore,  for  any  nontrivial 
solution  v  of  (4.1),  there  exist  k  (  I*  and  t  e  H/2 sz  such  that  v  -  T^u^. 


Proof  of  Proposition  4.1.  Consider  the  nonlinear  Sturm-Liouville  problem! 


(4.5) 


I  -9  •  g(v)  in  (0,2s)  , 
(  w(0)  -  w(2s)  -  0  . 


It  is  known  (see  H.  Berestycki  (9) )  that  (4.5)  exactly  possesses  a  sequence  of  pairs  of 

nontrivial  solutions  ±w,) ,  ±w2,...,*w .  For  all  j,  w^  is  characterized  by  the 

properties  that  w*(0)  >  0  and  w^  has  J  -  1  zeros  in  (0,2s),  all  of  which  are  simple 
("nodes").  Furthermore,  these  ^Wj^gg*  together  with  wQ  =  0  constitute  all  the 
solutions  of  (4.S)  (see  [8]).  h  simple  integration  by  parts  show  that  any  solution  w  of 
(4.5)  satisfies  (w’ (2s))2  -  (w'(0))2  ■  0,  that  is  w' (2s)  =  tw'(O).  Hence,  w^  is  a 
periodic  solution  of  (4.1)  if  and  only  if  j  is  event  j  -  2k,  kern*.  He  denote 
Uj^  »  w2|{,  V  k  e  M.  Then,  for  any  k  S  If*  and  T  e  R/2nz,  T  is  a  2*-periodic 
solution  of  (4.1).  We  claim  that  0  and  (*  k  e  ■*,  T  e  R/2tt)  are  the  only 
2s-periodic  solutions  of  (4.1). 


-2 


Indeed,  let  v  be  a  non-constant  2 a- per iodic  solution  of  (4.1 )i  then  v  (0<  There 


exleta  t  e  [0, 2»]  auch  that  v( t)  -  0.  For  if  not,  v  would  not  change  sign  in 
[0,2a].  But  thia  ia  impossible  since  by  integrating  (4.1),  one  sees  that  v  aatisfieai 

2a 

/  g(v)  -  0 
0 


and  g(v)  has  the  sign  of  v.  Now,  let  u  -  T_ ^v;  u  is  a  2e-periodic  solution  of  (4.5) 

and  u  f  0.  Hence,  there  exists  k  e  I*  auch  that  u  -  ±  As  it  is  easily  checked, 

one  has  -u^  **  T^u^.  Therefore,  either  v  -  or  v  »  T^^u^. 

The  proof  of  Proposition  4.1  ia  thereby  complete.  ■ 

z 

Let  G(z)  “  /  g(s)ds  and  consider  the  functional  associated  with  (4.1): 

0 

1  2a  2a 

♦<y)  “if  v  -  /  G(v),  v  e  &  . 

0  0 

♦  ia  a  functional  of  class  C2  on  &  and 

2a  2a 

<*"(v)h,h>  -  /  h  -  /  g'(v)h2  . 

0  0 


(Recall  that  5  «-*■  L  ).  The  critical  points  of  $  on  S  are  the  2 *-periodic  solutions  of 
(4.1).  Thus,  the  critical  values  of  the  functional  4  on  S  are  exactly  the  numbers 
<4.6)  Yfc  -  Wu^),  k«l. 

(Notice  that  ♦<‘rTu)( )  «  ♦<uk^  Vie  R/2 »*) .  our  next  result  concerning  (4.1)  is  an 
asymptotic  property  of  the  sequence  as  k  ♦  +«■. 

Proposition  4.2.  The  sequence  of  critical  values  of  $  satisfies  the  property 


lim  y  /k2  -  +» 
k-M-m  * 


Furthermore,  one  has  0  <  y,  <  y2  <  ••  •  <  Yk  <  •  •  •  • 


Proof  of  Proposition  4.2.  Let  vR< t>  -  uk(t/k).  Then  vK  is  a  2*-periodic  function.  It 
is  easily  seen  by  syraoetry  properties  that  ( 2  l/k )  ■  0  and  thus  vk  is  a  solution  of 
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(4.7) 


-vk  “  ^  «<V 


vjc (° >  -  Vjt(2»)  -  0 


2*  2»  2*  2* 

(Recall  that  g  ia  odd).  On#  haa  /  u.  “  k  /  v  and  /  G(u.)  “  /  Glvlc)* 

0*  0  0  K  0 

Hence 


(4.8) 


.2  1  ,2'  .2  1  2’ 


V*  «  ♦<«*>*  "I  /  «V 


(4.7)  yields: 


(4.9) 


2*  ,  .  2* 

I  \  -  -  /  9(vk)vk 


„  '*  .2  „ 
0  k  0 


Hence,  one  derlvea  f roe  (4.4).  (4.8)  and  (4.9): 


(4.10) 


2» 


V*  2  (i '  •)  /  \  ■ 


2* 

He  dale  that  /  aa  k  ♦  ♦*.  Indeed,  auppoae  by  way  of  contradiction  that 

0 

for  a  subsequence  of  Indices  k,  I  remains  bounded.  Then,  Iv  I  and  consequently 

*  L  *  h’ 

Iv  I  m  remain  bounded.  Hence,  there  exists  a  constant  C  >  0,  independent  of  k  such 
k  L 

that  |g(vk)|  4  C|vk|.  By  (4.9)  this  leads  to 


(4.11) 


2*  2«  2w 

0  <  /  v2  <  4  /  v2  <  4  —  /  vt. 

0  k  o  *  k2  0  k 


2» 


r  *2 

which  is  impossible  for  large  k.  Therefore,  j  v.  ♦  as  k  ♦  +“,  and  frost  (4.10)  it 

0 

follows  that 

(4.12)  li*  Y./k2  -  . 

k-Ma. 
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Let  us  now  check  that  is  an  increasing  sequence.  Actually,  we  are  going  to 

2 

derive  a  stronger  property.  Namely,  that  {y^/k  ^gw*  is  “n  increasing  sequence  of 
positive  numbers.  For  X  >  0,  let  w^  be  the  unique  solution  of 


(4.13) 


"  Xg(w^),  w^  >  0  in  (0,t)  , 
w^(0)  »  wx<»)  “  0 


It  is  proved  in  H.  Berestycki  [9]  that  v ^  exists  and  is  unique.  Moreover,  owing  to  the  a 
priori  estimate  derived  in  [9]  and  which  can  easily  be  adapted  to  (4.13),  one  verifies  that 
X  •— *  w^  is  a  C1  mapping  from  (0,+«)  into  H^((0,t)).  (Notice  that  this  a  priori 
estimate  breaks  down  as  X  (  0).  Let 


1  i  » 

»(X)  »  -  /  w^  -  X  /  G(w^)  • 


de(  X) 
dX 


0  0 

Then, 

s  ,  dw.  *  dw.  * 

/  -X  dT  "  X  /  *<WX>  IT  “  /  G(WX 

0  0  0 

But  since  e  H„((0,»)),  one  obtains  from  the  equation  (4.13)> 

* 


dw. 


.1, 


»  .  dw.  *  dw. 

/  wi  71“  ’  X  /  *(wx)  dT  “  0  * 


0  x  dX 


Hence,  using  the  fact  that  G(s)  >  0  V  s  *  0,  one  has 

de(  X) 


(4.14) 


dX 


<  0  . 


That  is,  e(X)  is  decreasing  with  respect  to  X.  Now,  from  (4.13)  we  derive  the  following 
expression  of  e( X) t 


e(  X) 


A  /  il  ^“x’-x- G(wX>i  • 


Whence,  by  (4.4)  we  see  that  e( X)  >  0,  V  X  >  0. 

Using  the  same  notation  as  for  the  proof  of  the  first  part  of  the  proposition,  we  know 
that  vk  is  positive  on  (0,w)  (as  u^  >  0  on  (0,vA)>  and  v^tO)  -  vfc ( s)  ■  0. 
Therefore,  from  (4.7)  it  follows  that  v^  is  the  solution  of  (4.13)  corresponding  to 
X  «  1/k2  i  vk  “  w  _2*  Thus'  by  <<•*)»  ona  has 
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i 

\ 


Ut  {* .  >  , _ .  denote  tha  sequence  (depending  on  k)  of  normalized  aiganfunctiona  of  (4.16) 

J  J®" 

aaaociatad  with  q  •  g' (u^): 

-fj  -  g'tu^Jz^  -  lijIgMi^Dij  in  (0,2*) 


(4.18) 


z^(0)  ■  z^(2»)  -  0,  *j(0)  >  0, 


>L2 


Conaidar  tha  apaca  P^  •  span{z^i  j  >  2k  ♦  1 ).  Than,  F  ia  a  subspace  of  h^((0,2*)) 
having  codimension  2k  in  ( ( 0 , 2  * } ) .  Furthermore,  because  of  (4.17),  one  obviously-  has 
(4.19)  <4’(ufc)h,h>  >  *k,h,22  *  V  h  e  Pk 


where  ■  **2k+1  *g' ,“k>  1  *  °*  For  any  function  “  *  h’((0,2*)),  one  has 
w(0 )  «  w(2*)  ■  0.  Hence,  ona  can  identify  Hq((0,2»))  to  a  aubapaca  of  H^S1)  ■  *  and 


one  has 


Hq  ( (0,2  w) )  •  R  . 


Therefore,  Fk  is  a  aubapaca  of  S  of  codiaenaion  2k  +  1 . 

Now,  for  T  e  R/2K,  let  F  “  {l  hi  h  e  F.  }  "  IF.  Obviously,  F  is  a  subsapce 

Kf  T  T  1C  TIC  T 

of  8  having  codimanaion  2k  +  1.  An  eaay  calculation  shows  that  F  »  F  and 

K,  T 

e  «  >  0  verify  the  desired  properties  in  Proposition  4.3. 

The  proof  of  Proposition  4.3  is  thereby  complete.  a 

A  straightforward  corollary  of  Proposition  4.3  is  tha  following: 

Corollary  4.1.  For  any  m,k  e  ■*,  ra  >  k  +  1,  and  for  any  t  e  R/2*z,  there  exists  a 
subapace  F  of  8"  (F  depends  on  m,k  and  r)  such  that 

dim  F  >  2m  -  2k  -  1 

and 
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Maaasa 


M 


<f,<TTttk)h,h>  >  \lh|2J  v  h  e  P 

X* 

for  som  >  o. 

It  just  auff less  to  obssrva  thst  If  p  is  the  subspace  given  by  Proposition  4.2,  then 
F  *  f  n  t*  aetiafiee  die  P>2a-2k-1.  " 

Remark  4.2.  Define  the  coindex  of  e  critical  point  v  of  4  with  respect  to  S", 
coind(v,4,S*),  ea  the  largest  integer  j  such  that  there  exists  a  aubapece  BC  t* 
having  dimension  j  and  such  that 

<4"<v)h,h>  >0  V  h  6  H \{0 )  . 

Then,  proposition  4.3  reads ■ 

coind(TTU.  ,♦,«")  >  2a  -  2k  -  1  .  e 

All  the  critical  points  of  4  in  8  are  given  by  the  family 
{Tu,  kei,  re  B/2m).  However,  the  critical  points  of  the  restriction  4.  of  4 

Is* 

to  the  subspace  j*  are  different,  nevertheless,  using  the  fact  that  the  critical  points 
of  4.  "approach"  the  critical  points  of  4  in  S  when  •  ♦  ♦•,  we  will  now  derive  a 
lower  bound  for  the  "coindax"  of  the  critical  points  of  4i 

l«* 

Proposition  4.4.  Let  k  I  P  and  let  6  e  K  be  a  niwber  such  that  \  ®  <  y,*  There 

exists  an  integer  eg  ■  aQ(  8)  B  ■  such  that  for  any  a  >  aQ,  <  is  not  a  critical  value 
of  4.  .  Moreover,  for  any  v  e  8*  satisfying  4(v>  <  8  and  (4.  )'(v)  -  0,  a  >  a  , 

Is  Is 

there  exists  a  subspace  PCS*  (P  depends  on  v,a,  8)  and  there  exists  e  >  0 

(depending  only  on  8)  such  that 

<4"(v)h,h>  >  «lhl2,  ,  V  h  «  P 
L 

and 

dia  P  >  2a  -  2k  -  1  . 

Proof  of  Proposition  4.4.  bet  us  first  introduce  som  notations, 

Z*(4»  -  <v  e  B,  4’<v>  -  0,  4<v)  <  «> 

**<♦*  -  {v  e  **»  (4,  _>Mv>  -  0,  4<v)  <  8}  . 

*  Is* 
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For  a  set  A  c  *  end  a  real  a  >  0,  we  denote i 

N  (A)  “  (v  e  Ei  distance  (v,A)  <  a}  . 
a 

The  proof  is  divided  into  five  steps. 

Step  1 .  Z*(  4)  is  a  compact  set  in  S .  This  is  a  consequence  of  the  Palaia-SMle 

condition  (P.S)  satisfied  by  4  on  S. 

5 

Step  2.  Let  (vB)  c  E  be  a  sequence  defined  for  ■  >  such  that  v_  e  Z*(  4) .  Then 

S 

(vm)  has  a  convergent  subsequence  which  converges  towards  a  point  in  Z  (+).  (This  is  but 
a  particular  case  of  the  proof  given  for  Proposition  3.2  above). 

Step  3.  For  any  a  >  0 ,  there  exists  m^  »  m^ { 4,  a)  e  ■  such  that  V  ■  >  m  ,  one  has 
6  S 

Zn(+)  C  N^fZ  (+)).  This  fact  is  obtained  arguing  indirectly  and  using  Step  2. 

Step  4.  For  any  e.  >  0,  there  exists  n  >  0  such  that  for  any  v  e  N  ( Z  *(  4) ) .  one  has 
i  n 

e 

for  sobm  u  e  Z  (  4) : 

(4.20)  |<4"(v)h,h>  -  <4"(u)h,h>|  <  e  Ih  I2  ,  ¥  h  e  «  . 

'  L2 

This  just  follows  from  the  C2  character  of  the  functional  4  on  *  and  from  the  fact 
that  ZS(4)  is  compact. 

5-  Conclusions  By  proposition  4.3,  there  exists  C  >  0,  and  for  any  u  6  Z% 
there  exists  a  subspace  Fu  of  &  (Fu  depending  on  u, <)  such  that  fu  has 
codimension  2k  +  1  and 

(4.21)  <4"(u)h,h>  >  elhl2  v  h  e  r  . 

L2  u 

Let  ”  e/2  >  0  and  let  n  >  0  be  defined  by  Step  4.  Lastly,  let  mQ  «  m^  (  4,  n)  be 
given  by  Step  3  (au  only  depends  on  4).  Then,  for  any  ra  >  m„  and  any  v  e  Z  ®(  4) , 

U  0  IH 

6 

there  exists  u  e  Z  (4)  such  that  (4.20)  is  verified.  Whence  it  follows  from  (4.20)  and 

(4.21)  that 

<  4"  ( v )  h ,  h>  >  |  ihl2  ,  ¥her  n&ra-F. 

Since  dim  F  >  2m  -  2k  -  1,  the  proof  of  Proposition  4.4  is  complete.  e 
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To  conclude  this  section,  we  consider  now  a  functional  •  defined  on  E  -  fi  by 


N  2V 

•(x)  -  I  «(x  i  -  j  f  ixr  -  /  w( x) 

i  I  t  0  0 

VJ  « 

for  any  x  -  (Xj,...,x^)  :  R  ♦  R  ,  x  e  E,  and  where  W(x)  «  2.  Stx^).  We  denote  here 


Z  (•)  -  {x  e  E»  *'{x)  -  0,  *(x>  <  «> 


Z  (#)  -  (x  e  e“i  (*,  _)'{x)  -  0,  *(x)  <  «}  . 

"  |e“ 

from  the  above  propositions,  we  obtain  the  following  result  for  *. 

Proposition  4.S.  The  critical  values  of  •  on  e  are  the  nuabers 

B.  .  ■  t  ♦  Y.  ♦  ...  +  T.  for  any  costoination  of  integers  k,,...,k^  e  ■,  where 

*1'***  ■  i  *2  »  IN 

is  the  kth  critical  value  of  4  on  &  (see  (4.6) ).  Let  6  e  R  be  a  regular  value 
of  4.  Define  the  integer  L(6)  to  be  the  largest  sum  k1  +  ...  +  among  the  N-uples 


k  , ...,k^  e  ■  which  satisfy  (L  .  <  S.  Then, 


there  exists  Bq  -  mQ  (  $)  e  ■  such 


that  ¥  b  >  bq,  6  is  not  a  critical  value  of  the  restriction  •.  Moreover,  for  any 
x  6  2^(4)  with  ■  >  bq,  there  exists  a  subspace  F  of  E®  (F  depending  on  x,  m  and 
<)  such  that 

<*"(x)h,h>  >0  ¥  h  e  F\{0  } 


dim  F  >  2Nm  -  2L(  6) 


Proof  of  Proposition  4.5.  For  any  x  -  (x  , ...,x„)  e  E  and  h  »  (h, ,...,h„)  e  E,  one 

(  N  I  N 


••(x)h-  l  ♦’ (x  )h 
i-1 


<4"(x)h,h>  -  £  <**(x  )h  ,h  > 

i-1  ill 


1 


Hence,  •• (x)  -  0  ia  equivalent  to  ♦'  (x^  *•  0,  V  i  -  1,...,N.  Thus,  tha  critical  valuaa 


of  •  ara  tha  nuabers  8^ 


Y  +  ...  ♦  Y.  .  Let  (e. , . . .  ,e  }  denote  the 
x .  k_,  IN 


'*N  '*1 . \ 


canonical  basis  of  R  .  Sines  e  e  ,  it  is  also  easily  verified  that 

I  N 


(4*24) 


(•  jMx'  -0~U.  ),(x  )-0,  V  i  -  1, 

|l“  U 


Let  x  8  E  be  a  critical  point  of  4.  Then,  we  know  that  x  -  (tt  ,  ....T^u^) 
for  aoae  e  B/2»X  and  e  By  propoaition  4.3,  we  know  that  there 

exiat  N  aubapacea  of  ft,  with  Fj  having  codiaenaion  2k  ^  +  1  in  S,  and 

there  exiata  e  >  0  such  that 

,2 


(4.25) 


V  h  .  8  F.  . 


"♦’(Vv) W  » e  ,hj*2 '  *  -j  - 

j  j  *■ 


Moreover,  an  inapection  of  the  proof  of  Propoaition  4.3  ahowa  at  once  that  e  can  be 

choaen  independently  of  kj  provided  each  k ^  ia  bounded  from  above  by  aome  k  C  li  e 

then  only  dependa  on  k.  Let  ua  aaauae  henceforth  that  fc  <  4.  Than,  for  each 

kj  one  haa  k^  <  L(4);  and  therefore,  c  can  be  choaen  to  only  depend  on  4.  Let 

F  ■  F.e.  •  ...  •  F  e  »  F  ia  a  aubapaca  of  B  having  codimenaion  2(k  +  ...  + 

1  *  NR  1 

and  F  dependa  on  x  and  4.  By  (4.23)  and  (4.25),  one  haa 

(4.26)  <4"(x)h,h>  >  elhl22,  V  h  e  F  . 

L 

Now,  to  conclude  the  proof  of  Propoaition  4.5  it  juat  suffices  to  repeat  the  atepa  1 

to  5  in  the  proof  of  Propoaition  4.4.  Firatly,  it  ia  atraightforward  to  check  that  * 

aatiafiea  the  Pa la i a- Seale  condition  (P.S)  in  B.  Therefore,  Z •)  ia  compact  and  one 

ahowa  that  3 ■„  •  n„(4)  8  ■  auch  that  for  a  >  4  ia  not  a  critical  value  of  4, 

oo  o 

Using  the  facta  that  Z*(4)  is  compact  and  •  is  of  class  on  E,  one  proves  that 

there  exiata  n  >  0  auch  that  for  any  y  e  N  ^(Z  4) )  one  can  find  x  e  Z®(4)  such  that 

(4.27)  |<4“(y)h,h>  -  <4*(x)h,h>|  lhl22  ,  V  h  e  B  . 

L 

Lastly,  following  the  saae  type  of  argunent  as  the  one  used  for  Propoaition  3.2  one  shows 
that  if  *0(4)  8  ■  is  large  enough,  then  one  has 
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(4.28) 


Z*(8)  C  njas(8)), 

>  11  0 

The  proof  of  Proposition  4.S  la  completed  by  combining  tha  Inequalities  (4.26)  and 
(4.27).  Thaaa  a how  that  for  any  a  >  mQ  and  for  any  y  8  2^(6)  thara  axlata  a  aubapaca 
F  of  e*  auch  that 

<6"(y)h,h>  >0  8  h  8  F\{0) 


dial  F  >  2M  -  2(k1  +  ...  «■  k^)  -  N  >  2Ha  -  2L(  4)  -  H  . 


Tha  raaulta  of  tha  preceding  aactiona  will  anabla  us  to  derive  haro  a  sharp  astiaata 
from  balow  on  tha  growth  of  tha  critical  values  of  1*  constructed  In  Section  3.  The  main 
result  of  thla  section  la  tha  following. 

Theorem  5.  Suppose  V  e  C1 (rf*,m)  aatlaflaa  condition  (V).  Let  c*  bo  tha  critical 

values  of  I*.  defined  by  (3.1)  and  let  c.  “  11m  c",  (0  <  c.  <  •).  Thara  exists  a 

subsequence  c.  (k.  ♦  +•  as  l  ♦  ♦•)  such  that 
*1  1 

11a  c  A?  ■  . 

k.  *1  1 


In  tha  proof  of  this  Theorem,  we  require  tha  following  technical  leaaw. 

teams  5.1 .  Lot  V  e  C°(/,»)  bo  an  arbitrarily  given  function.  Thara  exists  a  function 
2 

G  8  C  (*,*)  having  tha  following  properties 

(5.1)  G'  •  g  la  odd 

(5.2)  G(0)  -  g(0)  -  g* (0)  -  0 

(5.3)  g  is  increasing  and  convex  on  10,*«) 

(5.4)  0  <  G(  a)  <  j  g(a)a,  V  s  8  8,  o  4  0  . 


(5.3)  V(x)  <  1  G(X.  )  4  C  V  X  -  ( X  # «  a  a  ,x  )  e  aN 

i-1  1  1  " 


where  C  is  a  constant. 


Proof  of  Lai 


5.1.  Sat 


V(x)  . 


Choose  a  sequence  of  positive  numbers  aQ  .a^ ..... a^,  such  that  an  >  0  V  n  €  ■,  and 

*0  >  “l 
*0  +  “l  >  “2 


Jl  *  Bn+1  ' 


Define  for  r  e  R,  r  >  0: 


g  <r)  -  3  l  a  [<r  -  n  ♦  1) 
n-1 


where  c+  stands  for  oax(c,0).  Observe  that  g1  is  a  finite  sub  for  any  r  e  R+. 
Clearly,  g1  e  c’fR^.R)  and 

r 

G.(r)  -  /  g. (s)ds 
0 

verifies  G1 (0 )  -  g.)  (0 )  »  g'{0)  -  0.  Moreover,  g1  is  increasing  and  strictly  convex  on 
[0,-M»)  and  one  has 

+*•  +• 

G  (r)  -  l  a  Ur  -  n  +  1  )V  <  £  a[(r  •  n  HlVr  •  i  g.lrlr,  Vr>0. 

n-1  n-1  "  J  1 


Lastly,  one  has 


Now  define  for  r  >  0: 


a„  +  G,  (n)  >a.  +  a,  +  ...+a  >  n 

0  1  0  1  n  n+1 


g(r)  -  /iJ  g1  ( /n  r) 
r 

G(r)  -  /  g(s)ds  -  G,  (/5»  r)  . 

0  1 

Por  r  «  R,  r  <  0,  set  g(-r)  -  -g(r)  and  G(r)  -  G(-r).  It  is  obvious  to  check  that 
G  satisfies  properties  <5.1)-(5.4).  Let  x  e  RN  and  let  n  e  R  be  such  that 
n  <  I x |  <  n  ♦  1.  Hence,  V(x)  <  ■  and  there  exists  J  e  (l,...,M)  such  that 
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we  obtain: 


^  i*^  >  n.  Therefore ,  since  G  >  0  and  G  is  increasing  on  R+ , 

N 

•0  ♦  I  GIx^  >  aQ  GU^  -  eQ  ♦  jx^l)  >  aQ  +  G^n) 


Hence,  using  (S.6),  we  derive: 

?  N 

a .  +  l  G(x  )  >  V( x)  V  x  -  (x  ,...,x  )  e  *  , 

i-1  in 

that  is,  property  (S.S).  This  concludes  the  proof  of  Lena  5.1. 

Proof  of  Theorem  5.  We  use  here  the  notations  of  Sections  3  and  4.  Let  G  be  the 
function  given  by  Lena  5.1.  Define 

2*  ,  2  v 

/  ' 

0  0 


and 


♦<v)  -  r  /  v2  -  /  g(v)  v  v  e  s 
0  0 

H  .2*  2* 

*<X)  -  l  ♦(x^  -  J  /  |x*|2  -  /  W(x>  , 


for  x  -  (x  ,...,x >  8  K,  where  W(x)  -  j  G(x  ).  For  «,k  8  ■*,  ■  >  k  +  1 ,  define 

i-1 


and 


bfc  -  sup  nin  #(x) 

*eA£ 


b  *  li*  b  #  v  k  e  ■*  . 

ra-H-* 


Since  ♦  -  2taQ  <  I*  (by  (5.5) ),  one  has 


(5*7) 

and 

(5.8) 


b^  ~  2*aQ  <  c^  ,  V  m,k  e  m  >  k  +  1 


-  2waQ  <  cfc  ,  V  k  e  **  . 


establish  Theorem  5,  it  suffices  to  show  that  there  exists  a  subsequence  b^ 
of  (l^)  <kA  ♦  +«  as  i  ♦  +«)  such  that 


(5,9) 


11®  b  /k  -  +•  . 
k .  *+m  *i  1 
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The  functional  4  is  a  particular  case  of  tha  class  of  functionals  studied  in  Section 
3.  indeed,  w  e  c2(Hl>,R)  and  w  verifies  condition  (V)  (with  0  «  -j) .  Hence,  all  the 
results  of  Section  3  apply  to  *,  and  we  know  that 


(5.10) 


lie  b.  ■  +«• 
k+-  * 


(5.11) 


b,  <  b, 


k+1 


v  k  e  ■* 


(5.12) 


b,  is  a  critical  value  of  0  V  k  e  ■*  . 
k 


(Notice  that  0  is  a  critical  value  of  4  since  ♦'  ( 0 )  «  0).  we  also  recall  that  Theorea 
3  applies  here  with  I*  and  c“  replaced  by  4  and  b”  respectively. 

By  (5.12)  and  Proposition  4.5,  we  know  that  for  any  k  e  N,  there  exist  N  integers 
«  ■  such  that 

6  N 


+  y* 


*  T4 


where  the  Y^,  )  C  I,  are  defined  in  (4.6).  By  (5.10)  and  (5.11),  there  exists  a 

subsequence  b  of  (b^) ,  with  k.  ♦  +•  as  i  ♦  +",  such  that 

i 

(5.13)  b  <  b ,  ¥  i  e  ■  . 

i  i 


We  claim  that  (5.13)  implies  (5.9).  This  fact  rests  on  the  following  lemma. 

Lemma  5.2.  For  anv  k  e  M,  k  >  2  such  that  b.  .  <  b.  ,  there  exists  e  H 

"  K”  I  K  I  N 

with  j  +  ...  +  j  +  N  >  k,  and  y  +  ...  +  Y.  <  b  • 

IN  * 


proof  of  Lemma  5.2.  We  arque  by  contradiction  and  suppose  that  for  any  8,  .  <  b  , 

V’-’^N  k 

one  has  j,  +  . . .  +  j  <  k  -  N.  There  exists  6  6  R,  b.  ,  <  4  <  b  such  that  [  6,b  ) 

1  N  JC“  1  K  1C 

does  not  contain  any  critical  value  of  4.  As  in  Proposition  4.5,  define  L(  5)  to  be  the 
largest  sum  j  +  ...  +  j  among  the  N-uples  of  integers  j  ,...,j  e  N  subject  to  the 

IN  IN 

constraint  04  4  <  4.  Then,  one  has 

31'*‘"3N 

(S.14)  2L(6)  +  N  <  2k  -  N  <  2k  . 
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«. 


By  Proposition  4.5,  we  know  that  thera  axiata  mQ  «  mQ(  6)  e  *•  such  that 

critical  value  of  4 

.8 


for  any  m  >  nQ.  Furthermore,  for  any  m  >  mQ 


x  8  Z®<4)  -  {x  e  8*,  (#.  )'(x) 

“  Is* 


0,  4<x>  <  8>,  tha 


Kista 


■ubspaca 


(Fx  depends  on  x,m  and  6)  such  that 

(5.15)  dia  F  >  2tta  -  2L(  8)  -  N 


5  is  not  a 
and  for  any 

Fx  Of  S* 


and 

(5.16)  <«"(x)h,h>  >0  V  h  e  F^Uo)  • 

Lastly,  treat  tha  proof  of  Proposition  4.5  it  is  straightforward  to  derive  that  z  ®( ♦)  is 
coapact. 

Hanes,  wa  ara  now  in  a  position  to  apply  Thaoraa  2  of  Saction  2  to  obtain,  using 


(5.15) * 

(5.17)  «t(I4)“,p)  -  0,  V  t  C  ■*,  %  <  (2NB  -  2L(8)  -  M)  -  1,  V  p  e  [♦)*  . 

By  (5.14)  wo  hava  2Ha  -  2k  -  1  <  (2Ha  -  2L(  4)  -  H)  -  1.  Therefore,  (5.17)  yialdat 

(5.18)  *2^-2k-1^  "  °»  *  ■  >■„.  »P«  («“  • 

On  tha  other  hand,  there  exists  an  me**  large  enough,  with  m  >  mQ,  and  such  that 

(5.19)  b“  .  <  8  <  b*  . 

k-1  k 

Then,  by  Theorem  3  of  Saction  3,  tha  inequalities  (5.19)  implyt 

(5.20)  *2We-2k-1^ ^6'^  *  0 


for  soma  p  e  t*l". 

The  contradiction  between  (5.18)  and  (5.20)  completes  the  proof  of  lsbbu  5.2.  ■ 

Conclusion  of  tha  proof  of  Theorem  5.  A  consequence  of  Lemma  5.2  is  that  for  any 

k  e  ■*,  k  »  2H,  such  that  b  <  b  ,  there  exists  )  e  *  with  )  >  rr  k  and 

»  R  2N 

Tfj  <  bfc.  (Indeed,  tha  T^’s  are  positive,  and  if  +  ...  •*•  »  k  -  N,  at  least  one 

jt  verifies  jj,  >  -jj  k). 

Now  let  (k^)  be  the  subsequence  satisfying  (5.13)  (k^  ♦  +••) .  Then,  for  any  kj_, 

there  exists  e  ■  such  that 


(5.21) 


<  b, 
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where  u  >  0  ie  some  constant.  This  result  will  be  used  in  section  7.  ■ 

2 

Remark  5.2.  He  conjecture  that  one  actually  has  lim  c./k  -  for  the  whole  sequence 

k**» 

*°Jc>keM*  Th*  oI  Theorem  5  was  derived  here  using  some  deep  topological 

properties  associated  with  the  numbers  c^.  It  would  be  interesting  to  know  if  one  can 
derive  this  estimate  (or  a  stronger  version)  in  a  purely  analytical  fashion.  Lastly, 
another  open  problem  is  to  know  whether  one  can  achieve  a  more  precise  understanding  of  the 
relationship  between  the  integers  ktl  and  j e  H  which  satisfy 
bu  «  4  •  We  emphasize  the  fact  that  even  in  the  simple  case  N  »  1  and 

V(x)  “  5“+"T  <q  >  1)/  such  a  relation  or  such  a  stronger  estimate  for  the  whole 

sequence  b^  are  not  yet  known.  e 

Theorem  5  will  be  used  in  the  next  section  through  its  following  corollary. 

1  N 

Lemma  5.3.  Let  V  e  C  (R  ,R)  satisfy  condition  (V).  Let  R  >  0,  k  >  0,  » °2  >  0  *>• 

arbitrarily  given  positive  numbers  and  let  p  >  1  be  given.  There  exist  k  6  ■*,  k  >  2 
and  a  sequence  (n.)  C  H*,  ♦  +•  as  i  *  *m  Such  that  k  >  K  and  for  m  -  the 

following  holdi 
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lim  c,  »  11a  c,  »  c, 
w  v  v 

m++«* 


A  <  c.  <  c, 
k- 1  k 


and 


for  all  Indices  n  -  m . 


am.,  m.1/(p+1)  . 
c  -  c  >  a  c  r  +  a 
k  k-1  l'  k  2 


Proof  of  Lemma  5.3.  Let  c  »  lim  c™  ,  V  k  e  ■*.  It  clearly  suffices  to  show  that  there 

m++“  * 

exists  ken,  k  >  2  such  that  k  >  K  with 

ck-t  *  ut!t  “  11  >  A 

and 

<5.23)  c,  -  c_  .  >  o,  Ic,  )1/(p+1)  +  0  . 

k  k-1  Ik  7 

He  claia  that  (5.23)  holds  for  an  infinite  sequence  of  indices  k  e  I*.  (This  is  enough  to 

conclude  since  lia  u(k)  ”  +*•).  We  argue  by  contradiction  and  suppose  that 

k-*-H* 

(5.24)  ck  -  c  <  c1(ck),/(p+,)  t  o2,  V  k  »  kQ 

for  sons  kQ  e  ■*.  Using  a  slight  modification  of  Lemma  5.1  in  (3)  (or  Lemma  7.5  in  [6)), 
it  is  straightforward  to  show  that  (5.24)  implies 

(5.25)  ck  <  a  K(pM)/,p  +  e,  -V  k-C  N* 

for  soae  constants  a  >  0,  0  >  0.  since  p  >  1,  (p  1)/p  <  2  and  (5.25)  yields 

lim  c  /k2  «  0  . 
k  * 

But  this  is  impossible  as  it  would  contradict  the  result  in  Theorem  5.  The  proof  of  the 
lemma  is  thereby  complete. 
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6.  EXIBTEHCE  OF  FORCED  OSCILLATIONS 

Using  the  results  of  the  previous  sections  we  will  now  prove  Theorem  1 .  Recall  that 
I  is  the  functional  defined  by 

2»  2*  2* 

I(x)  -  —  /  |x|  -  /  v(x)  +  /  f  *x  ,  x  e  E 

0  0  0 

The  critical  points  of  I  in  E  are  the  2 i-perlodic  solutions  of  the  system 
(1.1)  «  *  V*(x)  -  fit)  . 

He  start  by  a  truncation  procedure  on  the  functional  I. 


Let 

X  .  H+ 

♦  be  a 

C  function  with  the  following 

properties: 

X(s)  -  1  ,  V  s  e  (0,1]  , 

X(s)  -  0  ,  V  s  >  2  , 

x‘ (s)  <  o  ,  v  s  e  r+  . 

For  p  > 

1 ,  set 

Xp(s>  “  X(s/P)*  Thus,  xp  verifies 

(6.1) 

*oe 

c“(H+.R+),  0  <  xp  <  1,  Xp  <  o 

on  R+  , 

(6.2) 

• 

1 

V  a  e  [0,p]  and  Xp(s>  *  0 

»  s  >  2p  , 

(6.3) 

lx'  (e) «s|  <  B  V  s  >  0 

P 

where  B 

>  0  is 

a  constant. 

Lastly,  we  set 

(6.4) 


Xp(x) 


2* 

Xp(J  1*1 
V  0 


p+1 


) 


v  x  e  e  , 


where  p  is  the  exponent  appearing  in  (1.2).  (E.g.  p  +  1  =  1/0  with  0  given  by 

condition  (V)  is  admissible  in  (1.2)). 

Por  p  >  1,  we  define 


2*  2*  2s 

In(x)  “af  1*1  -  /  v<*>  +  XJ*)  /  f*x  . 

0  0  P  0 

Thus,  if  Ixl**'  <  p,  one  has  I  «  I  in  an  lP4'1 -neighborhood  of  x  in  E,  while  if 
is'  p 

lxl**\  >  2p,  then  I  »  X*  in  an  XiP4"1  neighborhood  of  x  in  E. 

L**1  P 

He  require  the  next  three  technical  lemmas. 

6.1 .  |I*(x)  -  Ip(x)|  <  u  ,  V  x  e  E,  where  u  >  0  is  a  constant. 
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Proof  of  La— a  6.1.  One  has 

|I*(x)  -  I  (x) |  <C  xJ*>  «xl  • 

P  P  LP+ ' 

Tha  lemma  follows  from  the  fact  that  x  (*)  "  0  as  soon  as  Ixl  >  (2p)  • 

P  LP*1 

Lemma  6.2.  For  anv  p  >  1,  I  satisfies  the  Palais-Smale  condition: 

-  p 

(P.S)  For  any  sequence  (x^)  c  E  such  that  I^(x^)  is  bounded  from  above  and 
(Ip)'(Xj)  ♦  0  strongly  in  E',  then  <Xj)  is  relatively  compact  in  E. 
Furthermore,  I  .  satisfies  the  analogous  property  in  E*  for  all  m  e  i*.  Lastly, 

pIe* 

I  verifies  the  condition. 

P 

For  any  sequence  <x  )  c  *  auch  that  x  e  E®,  (1  .  )' (x  )  •  0  and  such  that 

m  m  p|K*  m 

(P.S)*  ■  Ip(xm)  is  bounded  from  above,  there  exists  a  convergent  subsequence  from  (xa) 

which  converges  to  a  critical  point  of  I  . 

P 


The  proof  of  Lemma  6.2  is  essentially  classical.  It  uses  property  (6.3)  and  it  relies  on 
arguments  that  have  already  been  called  previously  in  this  paper.  It  is  also 
straightforward  to  adapt  the  Appendix  in  (6}  to  the  present  framework  to  derive  this 
lemma.  Lastly,  one  could  also  adapt  the  estimates  in  the  proof  of  the  next  lemma  in  order 
to  obtain  Lent  6.2.  He  therefore  omit  the  details  here. 


Lemma  6.3.  There  exist  two  constants  a  >  0  and  f)  >  0  such  that  for  any  p  »  1  one  has 

the  following  property.  If  x  e  B  verifies  (I  p) '  (x)  »  0  and  Ip(x)  «  ap  -  B,  then 

lxlt*’l,  <  p  -  1  and  consequently,  I  »  I  in  a  neighborhood  of  x  in  E. 

I**1  P 


Proof  of  Lemma  6.3.  (I  )'(x)  ”  0  reads 
"  P 


(6.5) 


where 


2« 


8  ♦  VMx)  -  XB(*)  *  +  X'Jx)  f  ***  • 
p  p  0 


X'(xl  -  (P  ♦  D  X* <«*•**!,>  Ixl^’x  . 

P  P  pM 
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Htnct 

<Xj)(x),iO  -  (p  1)  ?,(«.!*£, 

L 

Therefore,  by  (6.3)  one  has 
(6.6)  l<Xp(*)»*>l  <  -  (p  ♦  1)B  . 

Multiplying  (6.5)  by  x  and  integrating  yields: 


(6.7) 


2s  , 
1/  1^1 
0 


2f 

/  V'  < x)  *x|  <  Clxl  , 
n  t.*77 


where  we  have  used  (6.6),  (6.1)  and  where  C  >  0  denotes  a  constant  -  as  it  continues  to 
do  generically  in  the  sequel. 

Now,  in  addition  to  (6.5)  suppose  that  one  has 


(6.8) 

for  some  A  >  0. 


(6.9) 


I  (x)  <  A 
P 

Then,  using  (6.7),  (6.8)  and  condition  (V) 


2S 


/  V(x)  <  CA  +  C  ♦  Cfccl 

n  T.l^ 


one  derives 


Using  (1.2),  one  obtains  from  (6.9)  that 

2S 

(6.10)  /  |x|^  <  CA  +  C'  . 

0 

Let  us  choose  a,  0  >  0  in  such  a  way  that  Ca  <  1  and  -C  B  ♦  C'  <  -1,  where  c  and 

C*  are  the  positive  constants  displayed  in  (6.10).  He  have  thus  shown  that  (I  ^)  *  (x)  “  0 

and  I  (x)  <  op  -  B  together  imply  the  estimate  lx  I 5  p  -  1 .  Notice  that  a  and  B 
P  LP*i 

do  not  depend  on  p.  ■ 

We  also  require  the  next  corollary: 

Lemma  6.4.  Let  a  and  6  be  the  constants  of  Leoau  6.3.  For  any  p  >  1,  there  exists 

m0(p)  e  M*  such  that  for  any  a  »  :»Q{p)  one  ha»  the  following  property:  If  x  e  E 

verifies  (I  .  )'(x)  •  0  and  I  (x)  4  up  -  B,  then  I  “  I  in  a  neighborhood  of  x 
p|Em  p  P 

in  E-. 


-40- 


1 


This  follows  easily  from  Lemmas  6.3  and  6.4.  B 

To  prove  Theorem  1 ,  we  will  now  show  that  I  has  a  sequence  of  critical  values  which 
is  unbounded  from  above.  We  argue  by  contradiction  and  suppose  that  the  critical  values 
of  I  are  bounded  from  above.  That  is,  we  make  the  following  assumption. 


(6.11) 


There  exists  A  C  R  such  that  I 

I 

has  no  critical  values  in  tA,+»). 


Then,  by  Lsmsis  6.2  (condition  (P.S)),  the  set  of  critical  points  of  I,  Z(I)  is 
compact.  For  any  functional  F  e  c'lE.R),  we  continue  to  denote 

Z*(F>  -  {x  e  E»  F'(x)  -  0,  F( x)  <  6) 


Z°(F)  -  (ieEi  (F,  )*(x)  -  0,  F(x)  <  6)  . 

la 


From  (6.11)  and 

(6.12) 


6.2  and  6.4  we  know  that  by  choosing  m0(P>  large  enough  one  has 
ZmP”*(Ip)  C  V  p  >  1,  V  .  >  mQ(  p) 


where,  as  usual,  N  (Z (I))  -  {x  e  Ei  distance  (x,Z(D)  <  n>  and  where  n  >  0  is  some 
n 

fixed  positive  number  (e.g.  n  -  1).  Since  E  «-♦  l”,  we  derive  from  (6.12)  that 


(6.13) 


3  C  >  0  such  that  Ixl  m  <  C  for  any 

L* 


ftp—  S 

x  e  Z^  (Ip)  and  for  any  m  >  mQ(p),  V  p  >  1 

.2,_N 


In  (6.13),  C  is  independent  of  p  and  m.  Since  V  «  C  (*  ,*),  one  obtains 
(6.14) 


IV"(X)I  _  <  C,  V  X  e  Zap-8(I  ),  ¥  p  >  1,  V  m  >  m  (  p) 

L  ■  P  0 


The  estimate  (6.14)  yields  a  lower  bound  on  the  coindex  of  the  critical  points  of 
Ip.  Indeed,  let  ]g  e  ■  be  a  fixed  integer  such  that  >  C  (C  is  the  constant  in 
(6.14).  One  has 

2w  2* 

<I"(x)h,h>  -  /  |h|z  -  /  v"(x)h«h  . 
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sm iiift 


j 


Hence,  for  any  h!l' n  (B  °)  \{0)  and  for  any  x  6  B  satisfying  lv"(x)l  m  <  C,  ona 

L 

has 

2* 

(6.15)  <I*(x)h,h>  >  [<j  +  1)  -  C)  /  h  >  0  . 

0 


By  L— a  6.4,  %*•  know  that  i£  x  e  2^  (1^)  and  a  >  aQ(p),  then  1^  -  I  in  a 
neighborhood  of  x.  Therefore , 

(6.16)  <I"(x)h,h>  -  <I"(x)h,h>  V  h  e  E®  . 

P 

He  sum  up  (6.14)  -  (6.16)  in  the  following  relationi 


(6.17) 


<i"(x)h,h>  >o.  v  h  e  b“  n  (e^° ) ^ \{o }  , 


v  x  e  z“(ip),  v  m  >  s^(p>,  *  i«  ! a, op  -  01 


(Indeed,  observe  that  by  (6.11)  and 


6.2  -  6.4,  one  has 


Zap-6(I  .  _  z*(l  )  -  ZA(I  )  c  zNl)  for  any  5  e  [A,  op  -  ffl  and  any  m  >  m  (p)). 
m  p  m  p  a  p  m  0 

He  can  now  apply  Theorem  2  (see  Section  2).  Let  pQ  be  defined  by  apQ  -  $  -  A.  By 


assumption  (6.11)  and  Leanas  6. 2-6. 3  we  know  that  if  p  >  pQ ,  [A,  op 


does  not  contain 


any  critical  value  of  I  or  of  I  ,  provided  m  >  m. ( p) .  The  relation  (6.17)  shows 

P  PU“ 

that  for  any  x  e  2,  P(Ip)  there  exists  a  2N(*  -  jQ) -dimensional  subspace  of  E*  on 
which  Ip"  is  positive  definite.  By  Theorem  2  this  implies! 


V  [V  S1  “  °*  v  4  «  **'  *  <  2N(m  -  jQ)  -  2 


V  p  >  pQ ,  V  m  >  mQ ( p) ,  V  5  e  [A,  op  -  ffl  . 


He  will  now  show  that  (6.18)  to  which  (6.11)  lad  is  untenable.  Firstly,  in  view  of 
Lemma  6.1  notice  that  one  has 


as  soon  as 


U*)“  3  (I  l”  3  €1*1" 

1  P  2  3 


b2  >  b1  +  Up1/,(p+1>  and  b3  >  b2  up1/(p+1) 


(where  |i  >  0  is  the  constant  given  by 


6.1).  By  Lemma  5.3,  there  exist  k  e  F  and 


a  sequence  (m^)  C  ■*,  m^  ♦  such  that  for  all  m  »  m^  the  following  holdi 


*  >  ♦  1  , 


(6.22) 


(6.23) 


lia  c  -  lie  c  -  c  . 


*'X  *  ck-1  <  ck  • 


(6.24) 


C*.  C*  >0  <c*)V<pM>  ♦  0  , 

k  k-1  Ik'  2 


for  all  ■  -  a  y  where  o1  ,a^  >  0  ere  arbitrarily  fixed  positive  lumbers, 
we  precisely  choose  ,<jj  in  such  a  way  that  one  has 

♦  o2  >  2u(A^1)V(^1)  *  2  , 


for  any  a  >  0,  where  a,  S  are  given  by  La— a  6.3  and  t>  >  0  is  the  constant  in 
6.1.  Inequality  (6.24)  then  leads  to 


(6.25) 


Ck  "  Ck- 


>  »  (SLli)’'"'”  •  ^  • 


Let  p 


V*J 


.  we  now  fix  ■  «  large  enough  so  that  ■  >  an(p),  c*  -  i  <  ct  and 


k  2  k 


< -  V,  . 


(6.26) 

Set 

(6.27) 

Then,  by  (6.26)  one  obtains 

(6.28) 

By  V 

(6.29)  [i*  >  c*,,  ♦  if  0  Up  >  6l"  0  [l*  >  c“  -  if 


1 . 


6.1  (coapare  with  (6.19)-(6.20) )  we  have) 

J  ,LP 

Whence,  by  Theorea  4  (Section  3)  one  derives  fro®  (6.29)  that 


(6.30) 


*2W.-2k-1<lIp  >  « 


for  9cmm  point  we  II J#  •  >  $]m.  Obaarv#  now  that 

p  o  p 


*  ‘  Ck-1  ♦  2  <  4  «  CI  “  2  4  Ck  "  «•  -  » 
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«. 


and  that  a  >  aQ(p).  He  hava  thua  raaehad  in  (6.30)  a  contradiction  to  (6.18)  for  by 
(6.21)  ona  knows  that 

2Ha  -  2k  -  1  <  2N(a  -  jQ)  -  3  . 

Thua.  tha  asauaption  (6.11)  is  absurd  and  tha  proof  of  Thaoraa  1  is  tharaby  coop lata. 
Remark  6.1.  in  tha  preceding  argument  tha  asauaption  that  V  was  C2  played  a  crucial 
rola  in  obtaining  the  bound  (6.14),  which  allowed  us  to  invoke  Thaoraa  2.  Ha  would  lika  to 
aaphasisa  that  a  simpler  argument  allows  one  to  prove  the  existence  of  at  least  ona  forced 
vibration  of  (1.1)  (for  any  given  periodic  f)  under  tha  assiasption  that  V  e  C1  (H^,  R) . 
Indeed,  the  above  proof  shows  that  (6.29),  whence  (6.30),  hold  for  at  least  one  k(l  and 
for  an  infinite  sequence  of  a  “  m^  *  +*».  Mow  suppose  that  (1.1)  has  no  solutions  at 
all.  Then,  I  .  has  no  critical  valuas  in  4]  for  a  fixed  a  ■  a,  large  enough. 

Pl“‘  a  3 

By  Lemma  2.1  then,  the  set  (I^J  ^  is  a  deformation  retract  of  the  whole  space  s  .  This 
implies  *t'tlp) ™)  “  0,  Mel*  which  is  a  contradiction  to  (6.30). 

Remark  6.2.  It  is  easy  to  check  that  the  contradiction  of  aasumption  (6.11)  actually  gives 
the  following  slightly  stronger  result!  There  exists  a  sequence  (x^)^^  of  2iwperiodic 
solutions  of  (1.1)  such  that  lia  lx  I  m  ■  +•  Note  that  lx  I  m  is  the  amplitude  of  a 
2*-periodic  solution.  ■ 


7.  WORK  GBH1RAL  fORCBP  SYSTEMS 


In  this  section,  we  consider  the  more  general  non-autonomous  systea 

(1.3)  it  +  V^(t,x)  ■  0  . 

Here  again,  we  are  interested  in  the  existence  of  T-periodic  solutions  x(t)  e  for 

(1.3) .  He  assume  that  V  satisfies 

(7.1)  V  e  C2(N  X  *N,R>  and  V(t,x)  is  T-periodic  in  t  . 

f o  <  v(t,x)  <  e  v^(t,x)*x  v  x  e  kn,  |x|  >  rq 


(7.2) 


where  6  e  (0,1/2)  . 


(7.1 )— (7.2)  imply  the  existence  of  positive  constants  Y,i  >  0  such  that 
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6  <  V(t,x) 


V(t,x)  e  R  X 


(7.3)  Y|x|P*'1  - 
where  p  +  1  »  1/6  >  2.  Thus  V  Is  superquadretic  in  x.  * 1  * 

The  results  and  Methods  of  the  previous  sections  allow  us  to  show  the  following  result 
for  (1.3). 

Theorem  6.  Let  V  e  C2(R  x  rN,r)  verify  (7.1)  and  (7.2).  Suppose  that  there  exists  a 
function  V  e  C2<E%)  satisfying  condition  (V)  and  such  that 

(7.4)  |v(t,x)  -  v(x)|  <  c  +  c|xta  v  t  e  r,  v  x  e  rn  , 

where  C  >  0  is  a  constant  and  a  >  0.  If  a  is  such  that  o  <  “  yj  ,  then, 

problem  (1.3)  possesses  infinitely  nany  T-per iodic  solutions. 

R— --k  7.1.  p  +  1  is  the  exponent  appearing  in  the  relation  (1.2)  satisfied  by  V.  Mote 
that  from  (V)  one  can  choose  p  +  1  «  1/6.  The  number  6  e  (0,1/2)  is  the  same  in 
(V)  and  in  (7.2).  a 

Remark  7.2.  (1.1)  is  a  particular  case  of  system  (1.3)  correeponding  to 

A 

V(t,x)  -  V(x)  -  f(t)*x.  Since  a  «  1  is  always  admissible  in  Theorem  6,  one  seen  that 
( for  f  e  l")  Theorem  6  is  an  extension  of  Theorem  1 .  • 

Sketch  of  the  proof  of  Theorem  6.  Since  the  proof  follows  exactly  the  same  ideas  as  the 
one  we  have  developed  above  for  Theorem  1 ,  we  just  mention  here  the  general  outline  and 

some  estimates. 

ha  before,  we  fix  T  •  2«  and  observe  that  the  2 »- periodic  solutions  of  (1.3)  are  the 
critical  points  in  K  of  the  functional 

2s  2w„ 

J(x)  -  -r  /  |x|Z  -  /  V(t,x)  . 

0  0 


*The  existence  of  subha monies  (that  is  kT  periodic  solutions  of  (1.3)  with  k  8  1*1 
has  been  studied  by  p.  H.  Rabinowitz  [21]  for  certain  classes  of  Hamiltonian  systems, 
different  from  the  ones  considered  here.  (For  instance,  in  the  case  of  (1.2)  where 
V(t,x)  *•  V(x)  -  f(t)*x,  the  hypotheses  in  [21]  would  imply  f  =  0).  For  a  subquadratic 
V,  the  existence  of  subharmonics  in  (1.3)  has  also  been  proved  by  F.  Clarke  and  I. 
Ekeland  [27]. 
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■  MiBiauaMiiiatefafifaitte 


For  p  >  1,  Mt 


1  2*  2**  2* 

J(x)  - -1  /  |x|2  -  Xa<x)  /  V(t.x,  -  (1  -  Xa(x))  /  V(X)  , 

P  0  P  0  P  0 

where,  aa  in  Saction  6,  Xp(x)  stands  for 

Vx>  “  «.(/  I*!11*1)  ' 

P  P  0 

and  xp»  Xp  varify  (6.1)-(6.4). 

The  proof  of  Theorem  6  rasts  on  the  following  estimates  which  parallel  Lassus  6. 1-6.4. 
La—*  7.1,  Under  assumption  (7.4),  for  a  <  p  +  1,  one  has  |Jp(x)  -  I*(x)|  <  |i 
V  x  e  K,  V  p  >  1,  where  u  >  0  is  a  constant. 


Lemma  7.2.  J  and  J  .  verify  the  Palais-Smala  condition  in  K  and 

p  P|K. 

respectively.  Moreover,  J  satisfies  the  condition  (P.S)*. 


E“ 


7.3.  There  exist  two  constants  a,0  >  0  such  that  for  any  p  >  1 


following  property.  If  x  e  E  verifies  (Jp)'(x)  -  0 
,P+1 


and  J  (x)  <  op  - 
P 

Ixl*"' '  <  p  -  1  and  consequently,  J  ■  J  in  a  neighborhood  of  x  in 

LP»1  P 

6.4  holds  with  I  and  1^  replaced  by  J  and  respectively. 


one  has  the 
B,  then 

E.  Furthermore, 


The  proofs  of  these  lemmas  follow  very  closely  a  priori  estimates  already  derived  in 

this  paper  (see  in  particular  Lemmas  6. 1-6.4).  We  therefore  do  not  repeat  them  here,  s 

From  Lemma  7.1  it  follows  that 

U*l"  3  (J  )"  D  U»)“  , 
a  pa  a 

provided  a  >  d  ♦  w  pa^*P4'1*  and  s  u  pO/fp+l).  Let  ck  be  the  critical  values 

of  I*  defined  by  (3.1).  Using  the  same  method  of  proof  as  in  Section  6,  one  can  find  a 
number  afc  such  that  c^  and 

(7.5,  [I*  >  c-_,  ♦  if  D  Up  >  3  [I*  >  c“  -  if 

for  infinitely  many  indices  a,  if  one  has 

(7.6)  cfc  -  ck_,  >  2 |i  ♦  2  . 
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Now,  In  view  of  Leas*  7.2,  one  furthermore  require*  that  p,  k  be  chosen  in  such  e  wey 


that 

(7.7)  4  ap  -  t  , 

thereby  insuring  that  a^  <  op  -  B.  The  inequalities  (7.6)  and  (7.7)  are  compatible  (that 
is,  one  can  find  a  p  >  1  satisfying  both)  provided  and  verify 

(7.8) 


s  -  v,  >  vrtpM’  * «, 


for  soewi  appropriate  constants  ,  a2  >  0 . 

Thus,  for  any  kef  such  that  (7.8)  holds,  there  exists  p  >  1  and  <  op  -  B 
for  which  the  inclusions  (7.5)  are  valid  for  infinitely  many  indices  m.  By  Theorea  4, 
this  iaplies 


(7-9»  W-I,l,p>\1,)  * 

He  have  seen  in  the  preceding  section  that  by  Theorea  1 ,  one  derives  froa  the  fact  that 

(7.9)  holds  for  infinitely  many  indices  k  that  J  possesses  a  sequence  of  critical 
values  which  is  unbounded  froa  above.  (This  is  obtained  via  an  argument  by  contradiction). 

Therefore,  to  prove  Theorea  6,  it  suffices  to  show  that  (7.8)  holds  for  infinitely 
■any  indices  k.  By  way  of  contradiction  suppose  that 

<7*,0>  ck  ■  Vi  *  °i  <£'<pM>  +  02 

for  any  k  >  kQ.  Then,  by  Lena  S.1  in  [3]  on  Lewaa  7.5  in  [6],  there  exists  a  constant 
N  >  0  such  that 


(7.11) 

By  Theorea  5 

(7.12) 


ck  4  M  k**1-0  , 

(Section  5)  there  exists  a  sequence 


lia  c  /k 
ki*+»  *i 


V  k  >  1  . 

(ki)  c 


k^  ♦  such  that 


Thus,  one  readily  sees  that  (7.10)  is  iapossible  if  (p  +  1)(p  t  1  •  d  1  42,  that  is  if 
a  4  — — .  Hence,  in  this  case,  (7.8)  holds  for  infinitely  aany  indices  k  and  the  proof 

of  Theorea  6  is  ccaplete.  ■ 

As  we  have  seen  in  Section  5,  estimates  on  the  growth  of  ck  sharper  than  (7.11)  can 
be  achieved  under  additional  assumptions  on  V.  More  precisely,  suppose  V  verifies 
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iaf?fi>i bi  iii  iiflttniiMia  r>  ifftlTi' Ihi l  in  aW  ■  *  '  :  > . 


(7.13)  »|x|*H'1  -  b  <  v(x)  <  .-Ixl**1  +  b*,  V  x  e  , 

with  a,b,a' ,b'  >  0  bain?  constants  and  1  <  p  <  q  <  •.  Than,  wa  know  (caapara  Raaark 

5.1 )  that  thara  axists  a  saquanca  (k^)  C  a,  k^  ♦  +"  and  a  constant  v  >  0  such  that 


(7.14) 


°k  *  V  “i 
*i  1 


ail 

<j-i 


In  this  situation,  (7.11)  (which  coaas  frost  contradicting  (7.8))  is  iaposaible  provided 


(7.15) 


-  g-t-L.  <  2 

p  ♦  1  -  a 


a  »  1 
q  -  1  * 


that  u,  a  <  t  3) 

*  2(q  +  1) 

Wa  thus  have  shown t 


Thaorast  7.  Let  V  and  v  verify  the  assumptions  of  Theoraa  6.  Suppose  aoraovar  that 

V  satisfies  (7.13).  Than,  the  conclusion  of  Theoraa  6  holds  with  a  <  t,*  •  In 

2(q  +  1 ) 

particular,  if  p  -  q  in  (7.13),  than  the  conclusion  holds  with  a  <  s  ■£-. 


Reasrk  7.3.  The  preceding  results  lead  quite  naturally  to  an  open  problem  it  is  tasipting 

A 

to  conjecture  that  (1.3)  possesses  infinitely  many  T- periodic  solutions  provided  V  only 
satisfies  (7.1)  and  (7.2). 
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